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ONE-DIMENSIONAL D R I F T - F L U X MODEL 
AND CONSTITUTIVE EQUATIONS FOR 

R E L A T I V E MOTION B E T W E E N PHASES 
IN VARIOUS TWO-PHASE FLOW REGIMES 

by 

M. I sh i i 

ABSTRACT 

In v iew of t h e p r a c t i c a l i m p o r t a n c e of the d r i f t - f lux 
m o d e l for t w o - p h a s e flow a n a l y s i s in g e n e r a l and in the a n a l y ­
s i s of n u c l e a r - r e a c t o r t r a n s i e n t s and a c c i d e n t s in p a r t i c u l a r , 
t he k i n e m a t i c cons t i t u t i ve equat ion for the dr i f t ve loc i ty h a s 
been s tud ied for v a r i o u s t w o - p h a s e flow r e g i m e s . The c o n s t i ­
t u t i ve equa t ion tha t spec i f i e s the r e l a t i v e m o t i o n be tween p h a s e s 
in the d r i f t - f l ux m o d e l has been d e r i v e d by tak ing into accoun t 
the i n t e r f a c i a l g e o m e t r y , t he b o d y - f o r c e field, s h e a r s t r e s s e s , 
and the i n t e r f a c i a l m o m e n t u m t r a n s f e r , s i n c e t h e s e m a c r o ­
s c o p i c effects g o v e r n the r e l a t i v e ve loc i ty be tween p h a s e s . A 
c o m p a r i s o n of the m o d e l wi th v a r i o u s e x p e r i m e n t a l da ta o v e r 
v a r i o u s flow r e g i m e s and a w i d e r a n g e of flow p a r a m e t e r s shows 
a s a t i s f a c t o r y a g r e e m e n t . 

I. INTRODUCTION 

T w o - p h a s e flows a lways invo lves s o m e r e l a t i v e mo t ion of one p h a s e 
wi th r e s p e c t to the o t h e r ; t h e r e f o r e , a t w o - p h a s e - f l o w p r o b l e m should be 
f o r m u l a t e d in t e r m s of two ve loc i ty f i e lds . A g e n e r a l t r a n s i e n t t w o - p h a s e -
flow p r o b l e m can be f o r m u l a t e d by us ing a two-f lu id m o d e l o r a d r i f t - f l ux 
naodel, depend ing on the d e g r e e of the d y n a m i c coupl ing be tween the p h a s e s . 
In the two- f lu id m o d e l , e ach p h a s e i s c o n s i d e r e d s e p a r a t e l y ; h e n c e the m o d e l 
is f o r m u l a t e d in t e r m s of two s e t s of c o n s e r v a t i o n equa t ions gove rn ing the 
b a l a n c e of m a s s , m o m e n t u m , and e n e r g y of each p h a s e . H o w e v e r , an i n t r o ­
duc t ion of two m o m e n t u m equa t ions in a f o rmu la t i on , as in the c a s e of the t w o -
fluid m o d e l , p r e s e n t s c o n s i d e r a b l e d i f f icul t ies b e c a u s e of m a t h e m a t i c a l c o m ­
p l i c a t i o n s and of u n c e r t a i n t i e s in speci fy ing i n t e r f a c i a l i n t e r a c t i o n t e r m s 
b e t w e e n two p h a s e s . " N u m e r i c a l i n s t a b i l i t i e s c a u s e d by i m p r o p e r cho ice of 
i n t e r f a c i a l - i n t e r a c t i o n t e r m s in the p h a s e - m o m e n t u m equa t ions a r e c o m m o n ; 
t h e r e f o r e c a r e fu l s t u d i e s on the i n t e r f a c i a l cons t i t u t i ve equa t ions a r e r e q u i r e d 
in the f o r m u l a t i o n of the two-f lu id m o d e l . F o r e x a m p l e , it h a s been sugges ted^ 
tha t t h e i n t e r a c t i o n t e rnns should inc lude f i r s t - o r d e r t i m e and s p a t i a l d e r i v a ­
t i v e s u n d e r c e r t a i n cond i t i ons . 
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These difficulties associated with a two-fluid model can be signifi­
cantly reduced by formulating two-phase problems in t e r m s of the drift-flux 
model , in which the motion of the whole mixture is expressed by the mix tu re -
momentum equation and the relative motion between phases is taken into 
account by a kinematic constitutive equation. Therefore, the basic concept of 
the drift-flux model is to consider the mixture as a whole, ra ther than as two 
separa ted phases. The formulation of the drift-flux model based on the mix­
ture balance equations is s impler than the two-fluid model based on the 
separa te balance equations for each phase. The most important assumption 
associated with the drift-flux model is that the dynamics of two phases can be 
expressed by the mixture-momentum equation with the kinematic constitutive 
equation specifying the relative motion between phases . The use of the drift-
flux model is appropriate when the motions of two phases a re strongly coupled. 

In the drift-flux model, the velocity fields a re expressed in t e r m s of 
the mixture cen ter -of -mass velocity and the drift velocity of the vapor phase, 
which is the vapor velocity with respect to the volume center of the mixture . 
The effects of thermal nonequilibrium are accommodated in the drift-flux 
model by a constitutive equation for phase change that specifies the ra te of 
m a s s t ransfer per unit volume. Since the rates of mass and nnomentum t r a n s ­
fer at the interfaces depend on the s t ructure of two-phase flows, these const i­
tutive equations for the drift velocity and the vapor generation a r e functions of 
flow reginnes.^'® 

The drift-flux model is an approxinnate formulation in comparison 
with the more rigorous two-fluid formulation. However, because of its s im­
plicity and applicability to a wide range of two-phase-flow problems of p r ac ­
t ical in teres t , the drift-flux model is of considerable innportance. In par t icular 
the model is useful for transient thermohydraulic and accident analyses of both 
LWR's and LMFBR's . In view of the pract ical importance of the drift-flux 
model for two-phase-flow analyses, the kinematic constitutive equation for the 
drift velocity has been studied in the present analysis . The constitutive equa­
tion for the vapor-drift velocity for bubbly and slug flows has been studied by 
Zuber et a l . ' " " by balancing the gravity force with the drag force. The drift 
velocity in two-phase annular flows has been analyzed. The present study is 
an extension of the above analysis. 

II. THREE-DIMENSIONAL FORMULATION 

The three-dimensional form of the drift-flux model* has been obtained 
by using the time or statistical averaging method. The result can be summa­
rized as follows: 

Mixture Continuity Equation: 

^ + V(pmvm) = 0. (1) 
ot 
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m 

St 

° 'd(Pc - Pd) 
^ d j (4) 

H e r e ay^, pj^, hj^^, ? , a n d q a r e t h e c o n v e n t i o n a l t i m e - ( o r e n s e m b l e ) - a v e r a g e d 
l o c a l v o i d f r a c t i o n , p h a s e d e n s i t y , p h a s e e n t h a l p y , v i s c o u s s t r e s s , a n d c o n d u c ­
t i o n h e a t f l u x , r e s p e c t i v e l y . T h e c o i n p o n e n t k d e n o t e s e i t h e r t h e c o n t i n u o u s 
(k = c) o r t h e d i s p e r s e d p h a s e (k = d ) ; P m , v 'm, Prri ' ^^'^ ^m ^-^e t h e l o c a l 
m e a n d e n s i t y , v e l o c i t y , p r e s s u r e , a n d e n t h a l p y of t h e m i x t u r e , r e s p e c t i v e l y ; 
f-'- a n d q"-*- a r e t h e t u r b u l e n t d i f f u s i o n f l u x of m o m e n t u m a n d e n e r g y f o r t h e m i x t u r e ; 
r , i s t h e m a s s - t r a n s f e r t e r n a f o r p h a s e k d u e t o p h a s e c h a n g e s ; a n d $J^ i s 
t h e e n e r g y - d i s s i p a t i o n t e r m . T h e v e l o c i t y V j i d e n o t e s t h e d r i f t v e l o c i t y of 
t h e d i s p e r s e d p h a s e ; i t s p h y s i c a l s i g n i f i c a n c e i s e x p l a i n e d b e l o w . 

T h e c e n t e r - o f - m a s s v e l o c i t y of t h e m i x t u r e i s g i v e n b y 

V m = [»dPdVd + (1 - » d ) P c V c ] / P m ' (5) 

w h e r e v j a n d v^, a r e t h e m a s s - w e i g h t e d m e a n v e l o c i t i e s of p h a s e s d a n d c . 

T h e v e l o c i t y of t h e c e n t e r of v o l u m e of t h e m i x t u r e i s 

j - Q'dVd + (1 - Q'd)vc ^ Jd + J c (6) 

w h e r e j j a n d j ^ a r e t h e l o c a l v o l u m e t r i c f l u x e s of t h e i n d i c a t e d p h a s e s . T h e 
v a p o r d r i f t v e l o c i t y of a d i s p e r s e d p h a s e i s t h e v e l o c i t y of t h e d i s p e r s e d p h a s e 
w i t h r e s p e c t t o t h e v o l u m e c e n t e r of t h e m i x t u r e : 

Vd j = Vd - r = (1 - Q^d)(vd - Vc) = (1 - a d ) v r . (7) 
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w h e r e v^ is the r e l a t i v e ve loc i ty between p h a s e s . In E q s . 2 - 4 , t he convec t i ve 
t e r m s a r e fo rmula t ed in t e r m s of v ^ ; t h e r e f o r e , an addi t iona l diffusion flux 
due to r e l a t i v e mot ion be tween p h a s e s a p p e a r s on the r i g h t - h a n d s i d e of the 
e q u a t i o n s . To take t h e s e diffusion effects into account , the dr i f t ve loc i ty should 
be spec i f ied by k i n e m a t i c cons t i tu t ive equa t ions , which m a y be w r i t t e n as 

^ d i = ^di^'^d. Pm- g. v ^ . e t c . ) . (8) 
m 

To t a k e into account the m a s s t r a n s f e r a c r o s s the i n t e r f a c e s , a c o n s t i t u t i v e 
equat ion for T^ should a l so be given. In a functional fo rm, th i s p h a s e - c h a n g e 
cons t i t u t i ve equat ion m a y be wr i t t en as 

ap 
^d = ^d^^d'Pm' v ^ ' ~ ^ ' ^m - V s a t ' ^ t c ) . (9) 

The v a p o r - d r i f t ve loc i ty in the dr i f t - f lux m o d e l p lays a r o l e s i m i l a r to 
tha t of the diffusion coefficient in a s i n g l e - p h a s e t w o - c o m p o n e n t sys tena . 
H o w e v e r , the app l ica t ion of a diffusion coefficient is useful only when the r e l a ­
t i ve nnotion be tween components or p h a s e s is due to a c o n c e n t r a t i o n g r ad i en t 
and can be e x p r e s s e d by a l i nea r cons t i tu t ive law. F o r g e n e r a l t w o - p h a s e flow 
s y s t e m s , F i c k ' s law of diffusion m a y not hold, s ince in th is c a s e the i n t e r f a c i a l 
g e o m e t r y , the body- fo rce field, and the in t e r f ac i a l monnentum t r a n s f e r a r e the 
f a c t o r s govern ing the r e l a t i v e mot ion of p h a s e s . In o the r w o r d s , in t w o - p h a s e 
s y s t e m s , the diffusion of phases is m a c r o s c o p i c , w h e r e a s in s i n g l e - p h a s e two-
componen t s y s t e m s , it is due to the m i c r o s c o p i c m o l e c u l a r diffusion. The 
cons t i t u t ive equat ion for the v a p o r - d r i f t ve loc i ty is t h e r e f o r e expec ted to d e ­
pend s t r o n g l y on the t w o - p h a s e flow r e g i m e s , s i nce the inonnentum t r a n s f e r 
be tween the p h a s e s is governed by the g e o m e t r y of the i n t e r f a c e s as we l l as 
by the i n t e r f a c i a l - a r e a concen t ra t ion . 

III. M U L T I P A R T I C L E SYSTEM IN INFINITE MEDIA 

The r e l a t i v e mot ion between p h a s e s can be s tudied by c o n s i d e r i n g the 
m o m e n t u m equa t ions for each phase in the t w o - f l u i d - m o d e l f o rmu la t i on . In a 
t h r e e - d i m e n s i o n a l fo rm, the k - p h a s e m o m e n t u m equation'* is given by 

^ k P k V " ^ + Vk-Vvkj = -Q'kVPk + ^k^-(Tk + ^ k ) +Q'kPkg + (Pki - Pk^^^k 

- (Vc.j^)-Ki - ( ^ +^k) ] + (^ki - ^k)^k + "̂̂ ik-

(10) 

w h e r e the s u b s c r i p t ki denotes the value at the i n t e r f a c e for p h a s e k and M^̂ ĵ  
is the i n t e r f a c i a l d r a g fo rce . Under the a s s u m p t i o n that the a v e r a g e d p r e s s u r e 
and s t r e s s in the bulk fluid and at the i n t e r f ace a r e a p p r o x i m a t e l y the s a m e , 
we obta in 



(^'^k - — ^ /_ _ T \ -* -* 
'^kPkV-sT ^ '^k'^vi^y' = -Q'k^Pk + ^^k^A^k + Tk ; + ^kPkg + ^ i k 

+ ( v , . - vj^)r^. (11) 

The c o n s e r v a t i o n of the m i x t u r e m o m e n t u m r e q u i r e s 

i M i k = 0, (12) 
k 

which is t he modi f ied f o r m of the a v e r a g e d m o m e n t u m - j u n n p condi t ion . 

The two- f lu id f o r m u l a t i o n for d i s p e r s e d t w o - p h a s e flow s y s t e m w a s 
used by C a r r i e r and R a n n i e , a m o n g o t h e r s , in r e l a t i o n to l o w - c o n c e n t r a t i o n 
flows t h r o u g h r o c k e t n o z z l e s . The p r o b l e m s w e r e ana lyzed by c o n s i d e r i n g 
the equa t ions of m o t i o n for a p a r t i c l e and m i x t u r e wi th a r e l a t i v e l y s i m p l e 
i n t e r a c t i o n t e r m be tween p h a s e s . H o w e v e r , for flows wi th high c o n c e n t r a t i o n s 
and u n d e r r a p i d t r a n s i e n t cond i t i ons , s o m e modi f i ca t ion of the a n a l y s i s i s 
r e q u i r e d to apply t h e two-f lu id m o d e l . 

Now le t us c o n s i d e r the d e r i v a t i o n of the dr i f t ve loc i ty f r o m the t w o -
fluid m o d e l . In the a b s e n c e of the wa l l and u n d e r a s t e a d y - s t a t e condi t ion 
without p h a s e change (Pk = O), the m u l t i p a r t i c l e s y s t e m in an inf ini te m e d i u m 
e s s e n t i a l l y r e d u c e s to a g r a v i t y - d o m i n a t e d o n e - d i m e n s i o n a l flow, s i n c e the 
a v e r a g e void and ve loc i ty p ro f i l e s b e c o m e flat. Then the ax ia l componen t of 
the m o m e n t u m equat ion for k p h a s e can be w r i t t e n as 

0 - - Q ' k ^ -^^kPkg + ^ i k - (13) 

H e r e we h a v e a l s o a s s u m e d tha t the s u r f a c e - t e n s i o n effect can be n e g l e c t e d , 
and t h e r e f o r e Pc "̂  Pd ~ Pm* ^ ^ adding the p h a s e - m o m e n t u m equa t ions and 
us ing Eq . 12, we obta in 

= -Pmg- (14) 

T h e d r a g f o r c e ac t i ng on the p a r t i c l e u n d e r s t e a d y - s t a t e condi t ion can 
be given in t e r m s of the d r a g coeff ic ient C^^ b a s e d on the r e l a t i v e ve loc i ty as 

^ D = - i C j ; ) P c V r K | A d . (15) 

w h e r e A J i s t h e p r o j e c t e d a r e a of a typ ica l p a r t i c l e . Then Fj-v is r e l a t e d to 
t h e i n t e r f a c i a l f o r c e by 
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where V^ is the volume of a par t ic le . Then from Eqs. 13-15, we obtain 

^ r k l = | ^ ( P c - P d ) g ( l -«d) . (1^) 

where the mean radius of the part icle is defined by rd = 3Vd/(4Ad). 

On the other hand, for a s ingle-part icle sys tem in an infinite medium, 
the force balance (as shown in the appendix) reduces to 

8 ^d 
I joo" r* 'D»^'c 

(Pc - PH)g ' (18) 

Where v^.^ and C Q ^ a re the terminal velocity and drag coefficient of a single 
par t ic le in an infinite medium. In general, the drag law for a single par t ic le 
can be expressed by C£)oo = CDoo(Nĵ eo>), where the Reynolds number NRe* is 
given by N^goo = 2rdPc|vr<»|/Mic- The expressions for CDOO in var ious flow 
reg imes a re given in the appendix and shown in Fig. 1. Also, the nondimen­
sional te rminal velocity is shown as a function of the dinnensionless radius of 
a par t ic le in Fig. 2. 

o 100 
100 
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n' 
SINGLE PARTICLE REYNOLDS NUMBER, N„j„ 

Fig. 1. Single-particle Drag Coefficient. 
ANL Neg. No. 900-76-443. Corr. 

REDUCED RADIUS, r*= r ( p ^ g A / i / ^ J ) 

Fig. 2. Terminal Velocity. ANL 
Neg. No. 900-76-445. 

Then from Eqs . 17 and 18, we get 

CD«o(NRe„) = C D ( N R e ) f 7 ^ ) / ( l ' «d). (19) 
Ĵ OO i 

where the Reynolds number is given by NRg = 2rdPc|vr|/Hm and p-m is the mix­
tu re viscosi ty. If we know the mixture viscosity and the dependence of C Q on 
NR , Eq. 19 can be solved for the slip velocity in t e r m s of the s ingle-par t ic le 
t e rmina l velocity. 



The p r e s e n c e of the m i x t u r e v i s c o s i t y in the s ina i l a r i t y g roup N R ^ is 
exp la ined as fol lows:^ ' '^ A s ing l e p a r t i c l e mov ing t h r o u g h a d i s p e r s e d t w o -
p h a s e m i x t u r e i m p a r t s a m o t i o n to the cont inuous p h a s e . H o w e v e r , a s the 
fluid m o v e s , i t s d e f o r m a t i o n c a u s e s t r a n s l a t i o n a l and r o t a t i o n a l m o t i o n s of 
o the r p a r t i c l e s in the ne ighborhood . S ince t he p a r t i c l e s a r e m o r e r e s i s t a n t to 
d e f o r m a t i o n than is t he fluid, the p a r t i c l e s i m p o s e a s y s t e m of f o r c e s t ha t 
r e a c t upon the fluid. As a r e s u l t of add i t iona l s t r e s s e s , the o r i g i n a l p a r t i c l e 
s e e s an i n c r e a s e in the r e s i s t a n c e to i t s mo t ion , which a p p e a r s to it a s a r i s i n g 
f r o m an i n c r e a s e of the v i s c o s i t y . C o n s e q u e n t l y , in an a n a l y s i s of the m o t i o n 
of the s u s p e n d e d p a r t i c l e s , t he m i x t u r e v i s c o s i t y should be used . ' ^ 

In the p r e s e n t a n a l y s i s , we have ex tended T a y l o r ' s c o r r e l a t i o n for the 
m i x t u r e v i s c o s i t y a long the R o s c o e - t y p e power r e l a t i o n b a s e d on the m a x i m u m 
pack ing Q'dm- T h u s , 

Li / a^ ^-2.5Q'dm(^J'd+o•4^Ac)/(^Ad+^Ac) 
'-^ J l . - ± ) . (20) 

The maximum packing Q?dm ô̂ ^ solid- or liquid-particle systems ranges from 
0.5 to 0.74. However, Q'dm = 0.62 suffices for most practical cases. For a 
bubbly flow, the theoretical value of O!^^^ can be much higher. Therefore, by 
considering the standard range of interest of the void fraction o'd < 0.35 for 
developed flow and a^ higher than 0.35 in developing flows, and in view of the 
possible foam regime, we may take Q̂ dm ^ ^- -^ similar argument can be 
used for a droplet flow. 

Figure 3 compares the proposal for present mixture viscosity with the 
various existing models for solid-particle systems. Including the effect of the 
viscosity of the dispersed phase in the correlation gives the ne^vly developed 
model an advantage over the conventional correlations, because it is not 
limited to particulate flows, but can also be applied to droplet and bubbly flows. 

Now let us assume that in the viscous regime a complete similarity 
exists between CQOO based on NRQOO and Cj) based on NRg, so that Cj) has 
exactly the same functional form in terms of NRe as CD<=O in terms of NReoo 
given by Eq. A.4. Then, by considering the two asymptotic cases of NRg ->• 0 
and NRg -* » and interpolating between them, we obtain, from Eq. 19, 

V , 1 + 0.1N°-" 

r°° " ^ " Re<=° 

w h e r e 

f(^d) = (1 - ^d)'^Vc/^^m- (22) 
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C o n s e q u e n t l y , t h e d r i f t v e l o c i t y , w h i c h i s r e l a t e d t o t h e r e l a t i v e v e l o c i t y by 
V j - = (1 - Q'jj)vj., c a n b e g i v e n by 

1 + | ( r * ) 
d Vdj - v , „ ( l - . , ) - f ( , ^ ) - - - — — — ^ (23) 

w h e r e M^d) = 0.55[(l + 0.08r^^) - 1 ] ' for the v i s c o u s r e g i m e , and r^j is the non-
d i m e n s i o n a l r ad ius given by r^ = rd[pcg^p/M'c] • Note thatN-^goe in Eq. 21 h a s been 
r e p l a c e d by a new function t us ing the iden t i ty NRgoo = 2 r ^ v ^ and E q . A .7 . 

The s i m i l a r i t y c r i t e r i o n given by Cj-)(Nj^g) = Cj-,^(Nj^g) wi th the 
Reynolds n u m b e r based on the m i x t u r e v i s c o s i t y is f i r s t i n t roduced for the 
s o l i d - p a r t i c l e s y s t e m in the Stokes reg ime . ' -^^ In th i s c a s e , the ve loc i ty 
r a t i o B r e d u c e s to B = (l - ^d^^c/^m' "^^^^^ is the l imi t ing c a s e of Eq. 21 
with N o 00 « 1 or rd <'^ 1. However , b e c a u s e of the u s e of the g e n e r a l i z e d 
d r a g law and the m i x t u r e - v i s c o s i t y mode l in the a n a l y s i s , the p r e s e n t t h e o r y 
is not l im i t ed to a s o l i d - p a r t i c l e s y s t e m or to the Stokes reginne. 

F o r s o l i d - p a r t i c l e s y s t e m s , we a s s u m e that the t r a n s i t i o n f rom the 
v i s c o u s r e g i m e to Newton ' s r e g i m e o c c u r s at the s a m e r a d i u s as in the s i n g l e -
p a r t i c l e s y s t e m , and that the d r a g coefficient C Q is a cont inuous function. 
T h e n , for Newton ' s r e g i m e given by r^ ^ 34.65, we obtain 



V dj = V 
1 5 18.67 

^„(1 - C d ) • f(Q'd)^ ^ I7.67[f(cyd)]^/^' 
(24) 

where f(Q?d) is given by Eq. 22. 

F igure 4 compares the above theoret ical resul ts given by Eqs . 23 and 
24 with the empir ica l corre la t ion for sol id-par t iculate sys t ems . An ag ree ­
ment at relat ively low volumetr ic concentrations is excellent at all Reynolds-
number regions. At very high values of Q?j, the present theory predicts much 
lower drift velocit ies than the Ri'-.hards on-Zaki correla t ion ^̂  However, the 
original experimental data of Richardson and Zaki also indicate this t rend, 
which is predicted by the present theory, as shown in Fig. 5. 
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Fig. 4. Comparison of Predicted Results with 
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Fig. 5. Comparison of Present Model with 
Experimental Data for Solid Particles. 
ANL Neg. No. 900-76-444 Rev. 1. 

In the d is tor ted-f lu id-par t ic le reg ime, the s ingle-par t ic le drag coeffi­
cient depends only on the par t ic le radius and fluid proper t ies and not on the 
velocity or the viscosi ty; i .e . , CQOO = (4/3)rjjV'gAp/a. Thus, for a par t ic le of 
a fixed d iamete r , Cĵ oo becomes constant. In considering the drag coefficient 
for a mul t ipar t ic le sys tem with the same radius , we must take into account the 
res t r i c t ions imposed by the existence of other par t ic les on the flow field. 
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Because of the random charac te r i s t i c of the turbulent eddies and par t ic le 
osci l la t ions, a par t ic le sees the increased drag due to other par t ic les in essen­
tially the same way as in Newton's regime for a so l id-par t ic le sys tem where 
Cj)a, is constant under a turbulent flow condition. 

Hence we postulate that, regard less of the differences in Cĵ oo i" these 
r eg imes , the effect of increased drag can be predicted by the same expression. 
Under this assumption, Eq. 24 may also be used for the d i s to r ted-par t i c le 
regime with the appropr ia te Vj.oo. Substituting the definition of f(Qrd) into Eq. 24, 
the resu l t s can be further simplified to 

Vdj ^ v^„ x^ 

(1 - c y , ) ' - " ; t i , » M -d' • ^^c"-^ M-d 
2. (1 - QTd)̂ ; Uc "• îd (25) 

for the d is tor ted- f lu id-par t ic le regime \vj^\ = v2(gaAp/p ^)°'^^. The above 
c r i t e r ion is applicable for Ny, ^ 0.11 (1 + i|()/i|r*^'. For a distorted-bubbly flow 
the first express ion under the condition p,̂  » n̂ j is applicable, which is very 
close to the semiempi r i ca l corre la t ion of Zuber and Findley;^" i .e. , Vji = 
Vj.oo(i - O'd) '^- Fo r Q̂d "̂ "̂  '^dm' ^^^ above expression with M-d -̂ -̂  M-c can be 
used for Newton's reg ime with lv^„| = 2.43 -N/grjAp/p^.. 

As the radius of the fluid par t ic le is further increased, the wake and 
bubble boundary layer can overlap due to the formation of la rge wake regions. 
In other words , a par t ic le can influence both the surrounding fluid and other 
par t ic les d i rect ly . Hence the entrainment of a par t ic le in a wake of other 
par t ic les becomes possible. This flow regime is known as the churn-turbulent-
flow regime and is commonly observed in bubbly flows. In this flow regime, a 
typical par t ic le moves with respect to the average volunnetric flux j rather than 
at the average velocity of a continuous phase. Hence, the reference velocity 
in the definitions of the drag coefficient and the Reynolds nunnber should be the 
drift velocity ra ther than the relat ive velocity. 

In a churn-turbulent-f low regime, some part ic les should have reached 
the dis tort ion l imit corresponding to the cap-bubble t ransi t ion or the droplet 
dis integrat ion. This limit can be given by the Weber-number cr i te r ion based 
on the drift velocity as 2pcV^.rd/CT = 8 (bubble) or 12 (droplet). Due to the 
entrainment of par t ic les in a wake of other part icles and the coalescence and 
dis integrat ion caused by the turbulence, the average motion of the dispersed 
phase is mainly governed by those part ic les that satisfy the Weber-nunnber 
c r i t e r ion . Thus for a churn-turbulent flow, we have F ^ = -CbPcVdj|Vdj|TTrd/2 
with cf) = 8 /3 . Therefore , in a standard form, 

Cj3 
^D = - - r P c ^ r l ^ ' r l ^ ^ d ' (2^) 



w h e r e Cj) = 8(1 - c^d) /3 . H e n c e , by ba l anc ing the d r a g fo rce wi th the p r e s s u r e 
and g r a v i t y f o r c e s , we obta in 

dj 

1/4 / a g A p X - P . ^ J ^ ( ^ _ ./. 
Ap 

72 agAp\ 1^ c 

PI 

Pd 

Ap 
(27) 

In the exac t e x p r e s s i o n for Vdj, the p r o p o r t i o n a l i t y cons t an t v 2 is 
app l i cab l e for bubbly flows and 1.57 for d r o p l e t f lows. H o w e v e r , in v iew of the 
u n c e r t a i n t y in p r e d i c t i n g the d r a g coeff ic ient , th i s d i f f e rence as wel l as the 
effect of the void f r ac t i on m a y be neg lec t ed . The above r e s u l t is c o n s i s t e n t 
wi th t h e s tudy by Z u b e r and F ind ley for bubbly f lows . ' " The p r e s e n t r e s u l t s 
for the dr i f t ve loc i ty a r e s u m m a r i z e d in T a b l e I by c o n s i d e r i n g four d i f fe ren t 
c a s e s : bubb les in l iquid , d r o p l e t s in l iquid , d r o p l e t s in g a s , and sol id p a r t i c l e s 
in gas or l iquid . 

T A B L E I. S u m m a r y of Drif t Ve loc i ty V j ; in Inf ini te Media 

Bubble in Liquid Drop l e t in Liquid Drop l e t in Gas Solid P a r t i c l e 

^^c/^^m 

Stokes R e g i m e 

U n d i s t o r t e d -
p a r t i c l e R e g i m e 

1 + i|i 

D i s t o r t e d -
p a r t i c l e R e g i m e 

C h u r n - t u r b u l e n t 
R e g i m e 

2 
9 

( l - < ^ d ) 

10.8*^c M. 

Pc^d M. 

w h e r e ;|i 

n = 1.75 

yi{'-^r 
\ pf / 

~(l - ^ H ) ' ( 1 - - H ) " ^ ^{1 - c . , ) ^ - ' 

2 g(Pc - Pd) 

9 Hr ^ ^ 0 - d ) ^ : ^ 

. ( 1 . „ )̂  r ' ( ' + )̂ pc -Pd . 
1 + ^ ̂ ( 1 - ( y , ) " - ' 

/7 ^P 

w h e r e ^ = 0.55[(1 + O.OSrj ) - l]° 

Vi(^-mil-.^ ;/CTgAp\ nPc - Pd 

d ' Ap 

n=- 2.0 n = 2 .25 

ji(?^r '-^^ y/agApV 

F o r N e w t o n ' s R e g i m e 
( r * a 34.67), 

i|i = 17.67 
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IV. LOCAL D R I F T VELOCITY O F DISPERSED FLOW IN 
CONFINED CHANNEL 

The cons t i t u t i ve equat ion for the dr i f t ve loc i ty for a m u l t i p a r t i c l e 
s y s t e m in an infini te m e d i u m has been s tudied in the p r e c e d i n g s ec t i on . We 
now s tudy the wal l effect on the loca l dr i f t ve loc i t y in a channe l with u n i f o r m 
c r o s s - s e c t i o n a l a r e a . Under the s t e a d y - s t a t e condi t ion without p h a s e change 
(^k = 0) a^nd with neg l ig ib le t r a n s v e r s e p r e s s u r e g r a d i e n t , i . e . , Pc - Pd " 
Pm(z ) , the ax i a l componen t of the loca l m o m e n t u m equa t ion for p h a s e k can 
be r e d u c e d f rom Eq. 11 to 

bp 
• Ok- m 

5z - Q?kMTk - QT îPkgz + Mik, (28) 

w h e r e M r k and Mik a r e the ax i a l f o r c e s a s s o c i a t e d with the t r a n s v e r s e s t r e s s 
g r a d i e n t and the i n t e r f a c i a l d r a g , a s shown in Eq. 11. H e r e we h a v e t aken 
gz ^ 0 such that v > 0 when the flow is upward . Consequen t ly we obta in 

^ P m \ 
Mic = Q^clPcgz + —^) + MTCQ^C 

bp m 

and 

Mid = Q'dlPdgz + - ^ j + Mrdo^d-

H o w e v e r , f r om the i n t e r f a c i a l - f o r c e b a l a n c e , we have 

Mic + Mid - 0-

(29) 

(30) 

Thus by e l imina t ing the i n t e r f ac i a l f o r c e s f rom the above two e q u a t i o n s , we 
get the loca l z componen t s of the m i x t u r e - m o m e n t u m equat ion a s 

&Pm 
6z Pmgi M T m ' (31) 

w h e r e MTm i^ *^^ fo rce a s s o c i a t e d with m i x t u r e t r a n s v e r s e s t r e s s g r a d i e n t 

and given by Mym = ^dMrd + (1 " »d)MTc-

F r o m Eq. 29 and 31 , we obtain 

Mid = -<^d[(l - Q'd)gz(Pc - Pd) + (MTm - Mxd)] . (32) 

H o w e v e r , i n a s m u c h as the i n t e r f a c i a l fo rce Mid is r e l a t e d to the d r a g fo rce 
b F n = MdVd/o'd" E q s . 15 and 32 can be solved for the r e l a t i v e ve loc i ty a s 
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V r k r l = y c ^ f ( P c - Pd)gz(l - ĉ d) + ( M T m - Mrd)]-

By introducing the nondimensional groups 

g* = gz(Pc - Pd)/(Apg) 

and 

M^ = (MTm - MTd)/(Apg) 

where Ap = |pc - Pd |, we obtain, from Eqs. 18, 19, and 33, 

(33) 

(34) 

C D j N R e J - CD(NRe) — - / | g * ( l - c^) + M 
roo 

(35) 

By using the same s imi lar i ty hypothesis as used for sys tems in infinite 
media, ŵ e can find the express ion for the velocity ra t io for a channel flow .̂ The 
resu l t s a r e summar ized below^: 

Undis tor ted-par t ic le Regime: 

where f(od) = (p-c/M-m) lg*(l " »d) + M^ f' and v(r^) is given by 

.4/ 7 0.76 

t(rS) 

0.55[(1 + 0.08r2^) - 1 ] ; r* < 34.65; 

17.67; 

Dis to r ted-par t i c le Regime: 

rd ^ 34.65. 

(36) 

(37) 

^̂ c , . . , . X . , *, 18.67 
^dj = K J d - »d>^b*(l - -d) + " T I , , u.67[AaJl^'^ 

Churn-turbulent-f low Regime: 

/zfghpoY^ g*(l - ad)+ M^ 
Vdj = ^ 2 p - f - ^ -3775 

V p i / g * l - a d + M * 

(38) 

(39) 
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If the effect of the wall can be neglected and the flow is ve r t i ca l , 
g* = 1 and MT = 0; hence, we have approximately 

Vdj = V-z(^]"\ ,40) 

The express ion for the s ingle-par t ic le te rminal velocity vroo for the c o r r e ­
sponding flow reg imes appears in the appendix. 

The above express ions indicate that the local drift velocity in the axial 
direct ion depends on the difference between the t r ansve r se s t r e s s gradient of 
each phase, i .e . , M* = (1 - Qrd)(MTc - MTd)/(Apg). To take this effect into 
account requ i res additional information concerning the turbulent s t ructure of 
both the continuous and d ispersed phases . 

V. ONE-DIMENSIONAL DRIFT-FLUX MODEL 

Averaging over the c ros s - sec t iona l a r ea is useful for complicated 
engineering problems involving fluid flow and heat t rans fe r , since field equa­
tions can be reduced to quas i -one-dimensional forms. By a rea averaging, the 
information on changes of var iables in the direction normal to the main flow 
within a channel is basical ly lost; therefore , the t ransfer of momentum and 
energy between the wall and the fluid should be expressed by empir ical cor­
re la t ions or by simplified nnodels. The rational approach to obtain a one-
dimensional model is to integrate the three-dimensional model over a c ross -
sectional a rea and then to introduce proper mean values. 

A simple a rea average over the c ross - sec t iona l a rea A is defined by 

<F> = 4- /f ' dA, (41) 
^ A 

and the void-fraction-weighted mean value is given by 

« F k » = <^Fk>/<c%>. (42) 

In the subsequent analys is , the density of each phase Pd and Pc within 
any c ros s - sec t i ona l a rea is considered to be uniform, so that Pk = «Pk>'>. 
Fo r mos t p rac t ica l two-phase flow problems, this assumption is valid since 
the t r a n s v e r s e p r e s s u r e gradient within a channel is relat ively small . The 
detailed analysis without this approximation appears in Ref. 24. Under the 
above simplifying assumption, the average mixture density is given by 

<Pm> = <'̂ d>Pd + (1 - <Q'd»Pc. (43) 
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The a x i a l c o m p o n e n t of the we igh ted m e a n ve loc i ty of p h a s e k i s 

<akvk> <jk> 
« v k » = 

<«k> <QT<> ' 
(44) 

w h e r e the s c a l a r e x p r e s s i o n of the v e l o c i t y c o r r e s p o n d s to the a x i a l c o m p o n e n t 
of the v e c t o r . Then the m i x t u r e ve loc i t y i s defined by 

\ P -~, V»Y1 ) 
Vm ^ —, r - = [<Q'd>Pd«vd» + (1 - < a d » P c « V c » ] / < P m > , 

<Pm> 

and the v o l u m e t r i c flux i s g iven by 

<j> = <Jd>+ <Jc> = <c .d>«vd» + ( 1 - W » « v c » . 

The m e a n m i x t u r e en tha lpy a l s o should be we igh ted by the dens i ty ; t h u s , 

(PrY^h^^) 

(45) 

(46) 

hm = m ^ ^ m ' 

<Pm> 
= [ < a d > P d « h d » + (1 - W » P c « h c » ] / < P m > . (47) 

The a p p r o p r i a t e m e a n dr i f t v e l o c i t y i s defined by 

Vdj = « v d » - <j> M l - < c ^ d » ( « v d » - « v c » ) . (48) 

The e x p e r i m e n t a l d e t e r m i n a t i o n of the a b o v e - d e f i n e d dr i f t ve loc i ty i s 
p o s s i b l e if the v o l u m e flow r a t e of e a c h p h a s e , Qk, and the m e a n void f r a c t i o n 
(c^d^ a r e m e a s u r e d . Th i s i s b e c a u s e Eq. 48 can be t r a n s f o r m e d into 

Vdj = r ^ - ( < j d > + <jc», (49) 

w h e r e <jk) i s g iven by ( jk) = Qk/^ - F u r t h e r m o r e , the p r e s e n t def in i t ion of 
the dr i f t v e l o c i t y can a l s o be u s e d for a n n u l a r t w o - p h a s e f lows. Under the 
def in i t ions of v a r i o u s v e l o c i t y f ie lds we ob ta in s e v e r a l i m p o r t a n t r e l a t i o n s , 
such a s 

« v d » = Vm + 
Pc -

Vdj . 

« v , » = 

<Pm> 

<°'d> Pd -

" " " • 1 - <ad> <Pm> ^J ' 

(50) 
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and 

,.. - ^Q'dXPc - P d ) -
(51) 

In the d r i f t - f l ux f o r m u l a t i o n , a p r o b l e m is so lved for (a^) and Vm with a given 
c o n s t i t u t i v e r e l a t i o n for Vdj. Thus Eq. 50 can be u s e d to r e c o v e r a solut ion 
for the v e l o c i t y of e a c h p h a s e a f t e r a p r o b l e m is so lved . 

ob ta in : 
By a r e a - a v e r a g i n g E q s . 1-4 and us ing the v a r i o u s m e a n v a l u e s , we 

M i x t u r e Cont inu i ty E q u a t i o n : 

- ^ ^ + - ^ « P m ) v m ) = 0. (52) 

Cont inu i ty E q u a t i o n for D i s p e r s e d P h a s e : 

g'<°^d>Pd b .. > - . ,^ . b /<Q'd>PdPc-
^T + 7 - <ad>PdVm) = < r d > - - r - , >, V 
Ot Oz bz \ (Pm^ 

dj (53) 

M i x t u r e M o m e n t u m Equa t ion : 

+ T-(<Pm>Vm) = - r - <Pm> + r T <Tzz + T ^ Z ) - (Pm>gz 
bt 

_b_ 
bz 

_b_ 
bz 

_b_ 
bz 

^m / \_ |_ I b 
2 5 < P m > V m | v m l - ^ 

<Qfd)PdP 
^ V? 

(1 - <c^d»<Pm) ^J 

• ^ ZcOV(Q'kPkVkVk)-oz k 
(54) 

M i x t u r e E n t h a l p y - e n e r g y Equa t ion : 

b<Pm>h m ' " m 
W l h & <°^d>PdP< qw 

bt 
+ | ^ « P m > ^ m V m ) = " ^ ^ <<1 ^ ^ ^ > + ^ ^ ' b^ - ^ ^ ^ ^ ^ AhdcVdj 

_b_ 
bz 

<Od^PdP< 
AhdcVdj 

Vm + 

<Pm> 

( O J J X P C - P d ) -

V ^ b < P j ^ ) 

- ^ lcOV(cykPkhkVk) + —TT-
oz k 

<Pm> 
Vdj 

&<Pm> 
bz <*i^>. (55) 
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Here Tg,̂  + T J ^ denotes the normal components of the s t r e s s tensor in the 
axial direct ion and Ahdc is the enthalpy difference between phases ; thus, 
Ahdc = ( (hd» - ((he)). The covariance t e r m s represen t the difference between 
the average of a product and the product of the average of two var iables such 
that COV(okPk'l'kVk) ^ ^^^kPktkl^k ~ ((vk))))- If the profile of either tk °^ ^k 
is flat, then the covar iance t e r m reduces to zero. The t e r m represen ted by 
fm(Pm)vm |vml/(2D) in Eq. 54 is the two-phase frictional p r e s s u r e drop. We 
note he re that the effects of the m a s s , momentum, and energy diffusion a s ­
sociated with the relat ive motion between phases appear explicitly in the 
drift-flux formulation, since the convective t e r m s on the left-hand side of the 
field equations a r e expressed in t e r m s of the mix ture velocity. These effects 
of diffusions in the present formulation a r e expressed in t e r m s of the drift 
velocity of the d i spersed phase Vdj. This may be formulated in a functional 
form as 

Vdj = Vdj((Q'd). <Pm). gz. Vm, etc.). (56) 

To take into account the m a s s t ransfer a c r o s s the interfaces , a con­
stitutive equation for (Pd) should also be given. In a functional form, this 
phase-change constitutive equation may be wri t ten as 

<rd> = (rd>^(«d). <Pm>. vin. " T T " ' ^^""r ^̂ ''̂  

The above formulation can be extended to nondispersed two-phase 
flows, such as an annular flow, provided a proper constitutive relation for a 
drift velocity of one of the phases is given. 

VI. ONE-DIMENSIONAL DRIFT VELOCITY 

A. Dispersed Two-phase Flow 

To obtain a kinematic constitutive equation for the one-dimensional 
drift-flux model , we must average the local drift velocity over the channel 
c ro s s section. The constitutive relat ion for the local drift velocity Vdj in a 
confined channel was developed in Sec. IV. Now we shall re la te this to the 
mean drift velocity Vdj defined by Eq. 48. 

F r o m Eqs . 42 and 48, 

<̂>̂  = C - ' 7 ^ - i > = «^<'̂ »^<"»-"<^ '̂ (58) 



26 

where 

and 

((Vdj)) = (cvdVdj)/(od) (59) 

_ <Q'dJ> 

( Q ' d ) ( j ) 

The second t e r m on the r ight-hand side of Eq. 58 is a covariance 
between the concentrat ion profile and the volumetric flux profile; thus it can 
also be expressed as COV(odj)/(<*d). The factor CQ, which has been used for 
bubbly or slug flows by severa l authors,'°'^^'^^ is known as a distribution 
p a r a m e t e r . The inverse of this pa rame te r was also used in the early work of 
Bankoff.^' Physical ly , this effect a r i s e s from the fact that the dispersed 
phase is locally t ranspor ted with the drift velocity V^j; with respect to local 
volumetr ic flux j and not to the average volumetric flux ( j ) . For example, 
if the d i spersed phase is more concentrated in the higher-flux region, then 
the mean t ranspor t of the d ispersed phase is promoted by higher local j . 

The value of CQ can be determined from assumed profiles of the void 
fraction od and total volumetric fluxj,^° or from experimental data.'^ By as­
suming power- law profiles in a pipe for j and Od, we have 

j/jo = 1 - (R/Rw)""; ] 

(61) 
Q̂ d - Q'dW , , „ ,„ , n 

= 1 - R/Rw ". 
Q'do - ^dW 

where jg, oi^, OdW, Î > and R\V" a r e , respect ively, the value of j and ot at the 
center , the void fraction at the wall, radial distance, and the radius of a pipe. 
By substituting these profiles into the definition of Cg given by Eq. 60, we obtain 

Co = 1 + 7 —7 1 - 7 r - (62) 
m + n + 2 \̂  ( ad) / 

The distr ibution pa rame te r based on the above assumed profiles is further 
d iscussed in Ref. 11. 

Now Eq. 58 can be transforined to 

« v d » = - ^ = Co( j )+ ((Vdj)). (63) 
(o'd) 
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w h e r e ((v^j)) and ( j ) a r e e a s i l y ob ta inab le p a r a m e t e r s in e x p e r i m e n t s , p a r t i c ­
u l a r l y u n d e r an a d i a b a t i c condi t ion. T h e r e f o r e , th i s equa t ion s u g g e s t s a plot 
of the nnean ve loc i ty ( (vd)) v e r s u s the a v e r a g e v o l u m e t r i c flux ( j ) . V a r i o u s 
e x p e r i m e n t a l da ta us ing th i s m e a n ve loc i t y - f l ux p lane a r e in F i g s . 6 -12 . If 
the c o n c e n t r a t i o n prof i le is u n i f o r m a c r o s s the c h a n n e l , then the va lue of the 
d i s t r i b u t i o n p a r a m e t e r is equal to uni ty . In add i t ion , if the effect of the loca l 
dr i f t ((Vdj )) i s neg l ig ib ly s m a l l , then the flow b e c o m e s e s s e n t i a l l y h o m o g e ­
neous . In th i s c a s e , the r e l a t i o n betw^een the m e a n ve loc i ty and flux r e d u c e s 
to a s t r a i g h t l ine t h rough the o r i g i n at an ang le of 45°. The dev ia t ion of the 
e x p e r i m e n t a l da ta f r o m th i s h o m o g e n e o u s flow l ine shows the m a g n i t u d e of 
the dr i f t of the d i s p e r s e d p h a s e wi th r e s p e c t to the vo lume c e n t e r of the 
m i x t u r e . 

An i m p o r t a n t c h a r a c t e r i s t i c of such a plot is tha t , for tw^o-phase flow 
r e g i m e s with fully deve loped void and ve loc i ty p r o f i l e s , the da ta po in ts c l u s t e r 
a round a s t r a i g h t l ine ( s e e F i g s . 6- 12). Th i s t r e n d i s p a r t i c u l a r l y p r o n o u n c e d 
when the l oca l dr i f t ve loc i ty i s c o n s t a n t o r neg l ig ib ly s m a l l . H e n c e , for a 
given flow r e g i m e , the va lue of the d i s t r i b u t i o n p a r a m e t e r CQ m a y be ob ta ined 
f rom the s lope of t h e s e l i n e s , w^hereas the i n t e r c e p t of th is l ine with the m e a n 
ve loc i ty ax i s can be i n t e r p r e t e d a s the we igh ted m e a n loca l dr i f t ve loc i ty , 
((Vdj)) . The ex t ens ive s tudy by Z u b e r et al.^^ shows that CQ depends on p r e s ­
s u r e , c h a n n e l g e o m e t r y , and p e r h a p s flow r a t e . An i m p o r t a n t effect of sub -
cooled boi l ing and deve lop ing void p ro f i l e on the d i s t r i b u t i o n p a r a m e t e r h a s 
a l so been no ted by Hancox and Nicoll.^^ 
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In the p r e s e n t s tudy , a s i m p l e c o r r e l a t i o n for the d i s t r i b u t i o n p a r a m ­
e t e r in bubb ly- f low r e g i m e h a s b e e n deve loped a long the above s t u d i e s . F i r s t , 
by c o n s i d e r i n g a fully deve loped bubbly flow, we a s s u m e d that CQ depends on 
the d e n s i t y r a t i o Pg/Pf and on the R e y n o l d s n u m b e r b a s e d on l iquid p r o p e r t i e s , 
GD/|j-f, w h e r e G, D, and p-f a r e the to t a l m a s s flow r a t e , h y d r a u l i c d i a m e t e r , 
and the v i s c o s i t y of the l iquid , r e s p e c t i v e l y . H e n c e , 

Pg GU 

Pf' M-f 
(64) 

A s i n g l e - p h a s e t u r b u l e n t - f l o w p ro f i l e and the r a t i o of the m a x i m u m 
ve loc i ty to m e a n ve loc i t y give a t h e o r e t i c a l l im i t i ng va lue of CQ at or -»• 0 and 
Pg/pf -* 0, s i nce in t h i s c a s e a l l t h e bubb le s should be c o n c e n t r a t e d at the c e n t r a l 
r eg ion . Thus f r o m the e x p e r i m e n t a l da ta of N i k u r a d s e for a round tube , 
which g ives the r a t i o of the m a x i m u m to m e a n ve loc i t y , we have 

- l i m 
(ofj) (a)jo 

(«>(j) (aXj) 
1 393 - 0.0155 •tn m (65) 

as o ^ 0 and Pg/Pf ~* 0 ( s e e F i g . 13). On the o t h e r hand , as the dens i t y r a t i o 
a p p r o a c h e s the un i ty , t he d i s t r i b u t i o n p a r a m e t e r Cg should a l s o b e c o m e uni ty . 
T h u s , 

Co - 1 (66) 

a s Pg/Pf 
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Limiting Value of Distribution Parameter Co 
at Zero Void Fraction and Pg/Pf "* 0 Based on 
Single-phase Turbulent-flow Profile. ANL 
Neg. No. 900-77-178 Rev. 1. 

B a s e d on t h e s e l i m i t s and v a r i o u s e x p e r i m e n t a l da t a in a fully developed 
flow, the d i s t r i b u t i o n p a r a m e t e r c a n be g iven a p p r o x i m a t e l y by 

Co = Coo - (Coo - 1)>/Pg/Pf, (67) 

where the density group scales the inert ia effects of each phase in a transverse 
void distr ibution. Physical ly , Eq. 67 models the tendency of the lighter phase 
to mig ra t e into a higher-veloci ty reg ime , thus result ing in a higher void con­
centra t ion in the cen t ra l reg ime.^ ' For a laminar flow, Coo is 2, but, due to 
the l a rge velocity gradient , CQ is very sensit ive to ( a ) at low void fractions. 

Over a wide range of Reynolds number, GD/tif, Eq. 65 can be approxi­
mated by Coo =" 1-2 for a flow in a round tube. On the other hand, for a rect­
angular channel, the experimental data show this value to be approximately 
1.35. Thus, for a fully developed turbulent bubbly flow. 

1.2 - 0.2 -v/po/pf: round tube; 
'g 

(68) 

1.35 - 0.35 -v/po/Pf: rectangular channel. 

F igures 14 and 15 compare the above cor re la t ion with various experimental 
data. Each point in the figures r ep re sen t s anywhere from five to 150 data 
points. Fo r example, the original experimental data of Smissaert,^" shown 
in Fig. 9, a r e presented by a single point in Fig. 14. Each point in Fig. 9 can 
be used to obtain a corresponding value for CQ by using the existing correlation 
for the mean local drift velocity ((V(jj)). However, in view of the strong linear 
relat ion between the mean velocity of the d ispersed phase and the total flux, 
the average value of CQ obtained by l inear fitting has been used in F igs . 14 
and 15. 

In the velocity-flux plane (see Figs . 11 and 12), three operational modes 
can be easily identified. In the first quadrant, the flow is basical ly cocurrent 
upward; therefore both the liquid and vapor phases flow in an upward direction. 
Examples of this mode a re shown in Figs . 6- 10. In the second quadrant , the 
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vapor phase is moving upward; however, there is a net downward flow of 
mix ture . Consequently, the flow is countercurrent . The cocurrent downflow 
operation should appear in the third quadrant of the velocity-flux plane, as 
shown in Figs . 11 and 12. These data indicate that the basic charac te r i s t i c 
descr ibed by Eq. 63 is valid for both cocurrent up and down flows with an 
identical value for the distribution pa ramete r CQ. This fact demonstra tes the 
usefulness of corre la t ing the drift velocity in t e r m s of the mean local drift 
velocity ((V^jj )) and CQ. 
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Fig. 15. Distribution Parameter for Fully Developed 

Flow in a Rectangular Channel. ANL 

Neg. No. 900-77-184 Rev. 1. 

In two-phase systems with heat addition, the change of void profiles 
from concave to convex can occur as i l lus t ra ted in Figs . 16 and 17. The 
concave void-fraction profile is caused by the wall nucleation and delayed 
t r ansve r se migrat ion of bubbles toward the center of a channel. Under these 
conditions, most of the bubbles a r e initially located near the nucleating wall. 
The concave profile is par t icu lar ly pronounced in the subcooled boiling reg ime , 
because he re only the wall-boundary layer is heated above the saturat ion 
tempera ture and the core liquid is subcooled. This t empera ture profile will 
induce col lapses of migrat ing bubbles in the core region and resul tant latent 
heat t r anspor t from the wall to the subcooled liquid. However, a s imi lar 
concave profile can also be obtained by injecting gas into flowing liquid through 
a porous tube w^all. 

In the region in which voids a r e still concentrated close to the wall, 
the mean velocity of vapor can be less than the mean velocity of liquid, because 
the bulk of liquid moves with the high core velocity. Hence, in this region. 
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the data should fall below the line for a fully developed two-phase flow. This 
is i l lustrated in Figs . 18-20. If the data fall below the homogeneous line, the 
value of Co should be less then unity. However, as more and more vapor is 

0.7 

0,6 

A 0.5 

0 4 
4 

cr 

§ 0,3 
UJ 

<t 

^ 0 2 

0,1 

1 — I — r 
0 6 

0.4 

0 2 o 

•055 0 0 5 5 

TRANSVERSE DISTANCE, cm 

eq 

0.1 0,2 0.3 0.4 0 5 0 6 0.7 0 8 0 9 

AXIAL DISTANCE, m 

12 

Fig. 16. Axial Void Distribution with Corresponding Void Profiles at Various 
Stations for Steam-V^ater Experiment in Rectangular Channel. 
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Experimental Data of Rouhani and Becker39 in Round 
Tube and Effect of Developing Flow due to Boiling. 
ANL Neg. No. 900-77-179 Rev. 1. 

o 
o 

5.0 

4,5 — 

4,0 

3,5 

3,0 

2.5 

2.0 

a. 

I 1.5 
1.0 

0,5 

O St. PIERRE 

STEAM-WATER 

1,1 X 4,4 cm 

28,1 atm (2 81 MPo) 

C„=l,37 

• « V . j » FOR CHURN FLOW 

0 0,5 1.0 1,5 2.0 2,5 3,0 3,5 4,0 

TOTAL VOLUMETRIC FLUX < j > , m/s 

Fig. 19 

Experimental Data of St. Pierre^l in Rectangular 
Flow and Effect of Developing Flow due to Boiling. 
ANL Neg. No. 900-77-174 Rev. 1. 

4,0 

3.5 

3.0 

y 2,5 

S 2.0 
_1 
UJ > 

g 1.5 

1.0 

0.5 

— 

— 

— 

— 

— 

— 

—/ 

1 1 1 1 
O MARCHATERRE 

STEAM-WATER 

I.l X 9.4 cm DUCT 

21.4 atm (2.14 MPa) Q-

9fl 
0 ^ 0 

y ^ ^ « V , ) » FOR CHURN 

i° 1 1 1 

1 1 

/o 

C„=l,3 

FLOW 

1 1 

1 

— 

— 

— 

— 

1 
0.5 1,0 1,5 2,0 2,5 3,0 3.5 

TOTAL VOLUMETRIC FLUX <|> , m/s 
4.0 

Fig. 20 

Experimental Data of Marchaterre42 in Rectangular 
Duct and Effect of Developing Flow due to Boiling. 
ANL Neg. No. 900-77-175 Rev. 1. 

generated along the channel, the void-fraction profile changes from concave 
to convex and becomes fully developed. This t rend can easily be seen in 
F igs . 18-20, in which the data approach the fully developed flow line from 
below in the bulk boiling reg ime. 
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For a flow with generation of void at the wall due to ei ther nucleation 
or gas injection, the distr ibution pa ramete r CQ should have a n e a r - z e r o value 
at the beginning of the two-phase flow region. This can be also seen from 
the definition of CQ n Eq. 60. Hence, we have 

l im 
(c^)-O 

CQ = l im 
( g j ) 

( a ) ( j ) 
<a)Jw 

(69) 

With the inc rease in the c ros s - sec t iona l mean void fraction, the peak 
of the local void fraction moves from the near -wal l region to the central 
region, as shown in Figs . 16 and 17. This will lead to the increase in the 
value of Co as the void profile develops. 

In view of the basic cha rac te r i s t i c descr ibed above and various experi­
mental data,^'•^^'*''^^ the following simple cor re la t ion is proposed: 

Co = [C» - (C» - 1)>/Pg/Pf](l g-i8<a>) (70) 

This express ion indicates the significance of the developing void profile in 
the region given by 0 < (a ) < 0.25; beyond this region, the value of CQ ap­
proaches rapidly to that for a fully developed flow (see Fig. 21). Hence, for 
Pg > 0. we obtain 

Co = < 

(1.2 - 0.2 ypg/pf)(l - e-^'^^"^); round tube; 

(1.35 - 0.35 v^Pg/pf)(l - e"'®^*^); rectangular channel. 

(71) 
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For most droplet or par t iculate flows in the turbulent reg ime, the 
volumetric flux profile is quite flat due to the turbulent mixing and par t ic le 
slips near the wall, which increase the volumetric flux. The concentration 
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of d i s p e r s e d p h a s e a l s o t ends to be u n i f o r m , excep t for weak peak ing n e a r the 
c o r e of the flow. B e c a u s e of t h e s e p r o f i l e s for j and a^j, the va lue of the 
d i s t r i b u t i o n p a r a m e t e r CQ i s e x p e c t e d to be c l o s e to uni ty (1.0 ^ Cg ^ 1.1). 
T h u s , by a s s u m i n g that t he c o v a r i a n c e t e r m s a r e neg l ig ib ly s m a l l for d r o p l e t 
or p a r t i c u l a t e f lows, we have 

Vdj =- ( ( V d j » , (72) 

in which c a s e the l oca l s l ip b e c o m e s i m p o r t a n t . 

The c a l c u l a t i o n of ( (V^j) ) b a s e d on the loca l cons t i t u t i ve equa t ions is 
the i n t e g r a l t r a n s f o r m a t i o n . Eq . 59; thus it wi l l r e q u i r e add i t iona l i n f o r m a t i o n 
on the vo id profile'*'*. S ince th i s p ro f i l e i s not known in g e n e r a l , we m a k e the 
following s impl i fy ing a p p r o x i m a t i o n s . The a v e r a g e dr i f t v e l o c i t y ( (V^j)) due 
to the l o c a l s l ip c a n be p r e d i c t e d by the s a m e e x p r e s s i o n a s the loca l c o n s t i ­
tu t ive r e l a t i o n s g iven in Ref. 44 , p r o v i d e d the l o c a l void f r ac t i on a<j and the 
n o n d i m e n s i o n a l d i f f e r ence of the s t r e s s g r a d i e n t a r e r e p l a c e d by a v e r a g e 
v a l u e s . T h e s e a p p r o x i m a t i o n s a r e good for flows with a r e l a t i v e l y flat void-
f rac t ion p r o f i l e ; a l s o , they can be c o n s i d e r e d a c c e p t a b l e f r o m the o v e r a l l 
s i m p l i c i t y of the o n e - d i m e n s i o n a l m o d e l . 

F o r a fully deve loped v e r t i c a l flow, the s t r e s s d i s t r i b u t i o n in the fluid 
and in the d i s p e r s e d p h a s e should be s i m i l a r ; thus the effect of s h e a r g r a d i e n t 
on the m e a n l o c a l dr i f t ve loc i t y c a n be neg l ec t ed . Under t h e s e cond i t ions we 
obtain t h e fol lowing r e s u l t s : 

U n d i s t o r t e d - p a r t i c l e R e g i m e : 

Vdj = (Co - l ) ( j ) 

10.8M-C ^̂ c ,, / .,2 t'^/3(l -h t ) Pc - Pd 
+ — ^ ( l - ( « d » ' 

Pc^d ( t im) 1 + t 
M-c , . , s . « J 1 6 / 7 Ap 

(73) 

.(u-m) 
( 1 - (o^d)r-'\ 

w h e r e tl;(r^) = 0.55[(1 + O.OSrJ^)"''' - i f ' " for r ^ < 34.65 and i|;(r^) = 17.67 
for r ^ ̂  34 .65 . The l i m i t i n g c a s e of the u n d i s t o r t e d - p a r t i c l e r e g i m e i s the 
S tokes r e g i m e in which the m e a n dr i f t ve loc i t y r e d u c e s to 

v.jMc„-i)<i>.M^a-<..y^^V^, (74) 

D i s t o r t e d - p a r t i c l e R e g i m e (1 .75 ^ n ̂  2 .25) : 

v , j = (c . - i )<j>. yz(^^)% - < ^ d » " ^ ^ . (75) 
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Here the value of n depends on the viscosi t ies as seen in Eq. 25. 

Churn-turbulent-flow Regime: 

Vai = ( C „ - l ) < J > . y 2 ( ^ ) " * ' - ^ . (76) 

Here the mean mixture viscosity*^ is given by 

<p,^) / (£y^)\-2•5Q'dm(M•d+o.4^ic)/(^J'd+^ic) 

^̂c " \ °'dml ' ' 

The value of maximum packing, o^jj^ = 0.62, is recomnoended for 
solid part icle-f luid sys t ems , although it can range from 0.5 to 0.74. How­
ever , for a bubbly flow, the theoret ica l value of or̂ jj.̂  can be much higher. 
If we consider the s tandard range of in te res t of void fraction in bubbly flow, 
"^dm "̂ = ŷ ^^ approximated by Q'dm - 1- Hence, for a bubbly flow, the mix­
ture viscosity beconnes 

On the other hand, for a part iculate flow with a low par t ic le concen­
trat ion, i.e. , (o'd) « 1, (wrn) can be approximated by 

^ ^ M l - («d))" ' - ' - (79) 
M^c 

In a horizontal flow with a complete suspension of the dispersed phase, 
the t r a n s v e r s e mixing, which keeps the par t ic les suspended, can significantly 
influence the s t r e s s gradient of each phase; thus the s t r e s s gradient effect 
may not be neglected. However, in view of the present state of the a r t , the 
assumption ((Vdj)) =- 0 may be used as a f i r s t -o rde r approximation, particu­
lar ly in high-flux flows. 

For high-flux flows, the effect of the local drift ((Vdj)) on the mean 
drift velocity is small in comparison with the covariance t e rm (Co - l ) ( j )-
Thus, by neglecting the former, we- have 

V , , = ^'''' ^)^P"-^^"^ . (80) 
^^ (Pm) - (Co - l)(c^d)(Pc - Pd) 
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For bubbly flows, the above equation imposes a condition on applicable void-
fraction ranges ; thus we should have (Pm) > (Co - l)(Q'd)(Pc - Pd)-
Here a simple c r i t e r ion for the boundary between the high- and low-flux flow 
can be obtained by taking the rat io of the total volumetric flux and the te rminal 
velocity. If this rat io is m o r e than 10, the flow can be considered a high-flux 
flow. 

The other limiting case of the d i spersed two-phase flow in a confined 
channel is slug flow. When the volume of a bubble is very la rge , the shape 
of the bubble is significantly deformed to fit the channel geometry. The 
d iameters of the bubbles become approximately that of the pipe w îth a thin 
liquid film separat ing the bubbles from the w^all. The bubbles have the bullet 
form with a cap-shaped nose. The motion of these bubbles in relat ively in-
viscid fluids can be studied by using a potential flow analysis around a sphere,^^ 
and the resul t is shown to agree with experimental data. Thus, 

Vdj = 0,2<i> . 0 , 3 5 ( I 5 ^ ) " \ (81) 

which was originally proposed by Niklin et al.^^ and Neal. 
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B. Annular Two-phase Flow 

In annular two-phase flows, the relat ive motions between phases are 
governed by the interfacial geometry, the body-force field, and the interfacial 
nnomentum t ransfer . The constitutive equation for the vapor-drif t velocity 
in annular two-phase flows has been developed by taking into account those 
macroscopic effects of the s t ruc tured two-phase flows.'^ Assuming steady-
state adiabatic two-phase annular flow with constant s ingle-phase proper t ies , 
we have the following one-dimensional momentum equations for each phase: 

dp 
m 

dz + Pggz (a)A 
(82) 

and 

dp 
m 

dz Pfg, 
T- P-Pwf'^wf 

A(l - (a)) ' A(l - (a)) ' 
(83) 

•where TJ, T.̂ f, Pj^, and Pwf ^^^ ^^^ interfacial shear , wall shear , interfacial 
wetted pe r ime te r , and wall wetted pe r ime te r , respect ively. The hydraulic 
d iameter ani the rat io of wetted p e r i m e t e r s are defined by D = 4 A / P . ^ £ and 
5 = Pi/Pwf- By as sunning that the film thickness 6 is snnall compared 
with D, we have 4 6 / D ^ 1 - (cc). On the other hand, for an annular flow in 
a pipe, ? reduces to Vo/. 

The wall shear can be expressed through the friction tactor with a 
g rav i ty -cor rec t ion t e rm by T.^£ - f.^^fpf((vf))|((vf))l/2 - Apg^^/s, where f^f 
can be given by the standard frict ion-factor correlat ion: f^f - 16/Ref for 
laminar film flow^s and f^f = 0. 0791Re~°'^* for turbulent flows. Here the 
liquid-film Reynolds number is given by Re£ = p^Kjr)lD/uf. Sinnilarly, the 
interfacial shear can be expressed as T^ = f̂ pg Ivj.|vj./2 with the interfacial 
friction factor given by f̂  = 0.005[l -I- 75(1 - (cc))] for rough wavy films.'** 

By definition, the vapor-drif t velocity is related to Vj., i .e. , Vg^ -
(l - (cc))v ; hence, by eliminating the p r e s s u r e gradient from the momentum 
equations, we obtain for a laminar film 

^g j = ± 
16(a) 

Pgfi? 

Hf(jf) ApgzDd - (a))- -\i/z 

D 48 
(84) 

and for a turbulent film 

(^)(1 - ( O ) ) ' D 

gJ Pgfi? 

0.005Pf(jf>|(jf)| 

D ( l -(a))' 
+ iApg: 

1 'z 

(85) 
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Here the negative root is taken when the t e r m within the absolute 
signs becomes negative. The drift velocity in the form expressed by Eqs. 84 
and 85 is convenient for use in analyzing s teady-s ta te adiabatic or thernnal-
equil ibrium flows, since in these cases the value of (jr) can be easily obtained. 

In a genera l drif t-f lux-model formulation, V„- should be expressed 
in t e r m s of the mixture velocity Vj^ ra the r than (jf), as Vni is the velocity 
used in the formulation. F r o m the definition, we have 

(Q')pg. 
( j f ) = (1 - (cc))vm - V • 

(p ) ^ J ' 
(86) 

By substituting Eq. 86 into Eq. 84, we obtain for a laminar film 

V 
8;if(cc)' r / fiD(Pm>'(l - <c^K Apg^D2( l - (a)Y 

^m + 48tif 

which is valid for the laminar range given by 

(87) 

(1 - (<^»(Pm>Vm -<Dm><Jf> t r 
(a )p . gJ 

(1 -(° '))(Pm>Vm + <Pm><Jf>-t r 
(a)i 

(88) 

Here the laminar turbulent - t rans i t ion volumetr ic flow^ is defined by 

(jf)^^ - 3200^f/pfD. 

The negative root of Eq. 87 applies w^hen the t e r m within the absolute 
signs becomes negative. It is easy to show^ that, for V™; ^ (l - ('̂ ))(pnT.)"^rn' 
((a)p ), the flow is cocurrent upward, whereas , for V„j l a rger than the 
above l imit , the liquid flow^ is downward. 

The solution for the case of turbulent film flow is somewhat more 
complicated. For convenience, let us introduce the following p a r a m e t e r s : 

f i?P 

a = 
g 

\ 

0 .005(cc)pf ( l - ( a y 

( Q ' ) P „ 

c = 

ApgD( l - (a)) 

0.015p£ • 

(89) 

y 
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Then , for u p w a r d l iquid flow, we have 

' •bvm + [ a v ^ + (a - b2)c] 

^ g j = 
(a - b^) 

if a - b W 0 
/ va - D ; (gQ) 

( v ^ + c ) / 2 b v ^ if a - b^ = 0. 

w^hich a p p l i e s unde r the condi t ion v m ^ v cb^/a . However , in the t r a n s i t i o n 
reginne given by -•\/c ^ Vj^ < -Jch^/a., w h e r e the l iquid f i lm flow i s downward 
with u p w a r d i n t e r f a c i a l s h e a r f o r c e s on the f i lm, the v a p o r - d r i f t ve loc i ty 
beconnes 

V bvm + [-av^m + (a + b ^ ) c ] ' ' 

^j ^ a -. b^ ^ ^ 

In the r a n g e of v given by Vĵ -j ^ -./c, 

- ^ - b v m - [avgn - c(a - b^)] ' ' 

gJ ^ a - b^ ' ^ ^ 

w^hich app l i e s to the c o c u r r e n t downw^ard flow. 

The above so lu t ion can be appl ied only if the following tu rbu len t - f low 
c r i t e r i o n i s s a t i s f i ed : 

Vgj ^ [(1 - («))(Pm>Vm - <Pm><Jf>trV^^^Pg 

o r \ . (93) 

Vgj ^ [1 - (a ) ) (pm)vm + <Pm><Jf\rV^'^^Pg 

T h e s e r e s u l t s do not have a v e r y sinnple f o r m for a t u rbu l en t film. 
H o w e v e r , if the abso lu t e va lue of the m i x t u r e ve loc i ty i s l a r g e , so tha t the 
flow i s e s s e n t i a l l y c o c u r r e n t and the g r a v i t y effect i s s m a l l , t hen the turbulent 
so lu t ion can be a p p r o x i m a t e d by the s i m p l e f o r m 

^ g j = } V^z- ^'""^ 
( a ) p J 5 p g [ l + 7 5 ( 1 - ( » ) ) ] ! 

( p ^ ) [ (Q')p£ 

Equa t ion 94 for the dr i f t ve loc i ty can be t r a n s f o r m e d to ob ta in the 
s l ip r a t i o Vg/vf unde r the s impl i fy ing a s s u m p t i o n tha t the a v e r a g e l iquid 
ve loc i ty is m u c h s m a l l e r than the vapor ve loc i ty . Then we have 
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( ( v g ) ) 

( ( v , ) ) 
^f 

Pg 

VW) n i / 2 

1 + 75(1 - (a)) 
(95) 

for an annular flow in a pipe for which ? = v(cc). The above express ion for 
slip rat io is s imi la r to that obtained by Fauske,^' ' namely, ((vg))/((vf)) -
{Pi/PgV > which has no dependence on the void fraction. The factor that takes 
the void fraction into account in Eq. 94 va r i e s roughly from 0.24 to 1 for the 
range 0.8 < cc < 1. Therefore , for a turbulent film, the Fauske corre la t ion 
should give reasonably accurate resu l t s at high void fractions. 

The predicted vapor-dr i f t velocity was compared to data from various 
experiments'*^"^" under s teady-s ta te conditions as shown in Fig. 22. The 
three sets of data considered constitute about 350 data points for annular and 
drop-annular flow reg imes . Theoret ical predict ions a re within about ±30% 
of the exper imenta l values over a wide range of vapor-drif t velocity between 
20 and 2 50 cnn/s. A quite uniform distribution of the data can be attributed 
to the uncer ta inty in the determinat ion of void fraction in the above experinnents. 
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We note he re that these data include a considerable number of points 
taKen in the drop-annular flow regime at moderate r a t e s of gas flow. This 
indicates that the present vapor-drif t -veloci ty corre la t ion can be used both 
for ideal annular flows without entrainment as well as for annular mis t flows 
with moderate to low entrainment. However, as the amount of liquid entrained 
in the gas core becomes large at high ra t e s of gas flow.*^'*' the measured 
vapor-dr i f t velocity s ta r t s to depart considerably fronn the predicted values 
eind the p resen t analysis overpredic ts these values. 

The drift-velocity corre la t ion for the annular flow has been expressed 
in t e r m s of the mixture velocity, since v^̂ j is the basic variable in the formu­
lation of the general drift-flux model. However, it is also interest ing and 
important to resolve the express ion for Vgj in ternns_of the total volumetric 
flux ( j ) . since (j) was the var iable used to cor re la te Vgj in d ispersed two-
phase flow reg imes . 

By considering the turbulent film-flow regime and using the definition 
(jf) = (l - (a))(j) - (cc)Vg;. we can resolve Eq. 85 for the nnean drift veloc­
ity Vgj. The resul t does not have a simple form; how^ever. for most practical 
cases , it can be approxinnated by a l inear function of ( j ) : 

(o> 

gJ 
(cc) + 

I + 75(1 - (cc)) 

^A^ 
Pg]^ 
PfJ 

/ 2 <j> + 
ApggD( l - (a)) 

0.015p£ 
(96) 

This express ion may be further simplified for Pg/pf « 1 as 

'gJ 
/ l - ( c c ) N , > / A p g ^ D d - (or ) ) 

(97) 

From the connparison of Eq. 97 to Eq. 58, the apparent distribution parauneter 
for annular flow becomes 

Co 1 + 
1 -(a) 

(a) + AJPM 
; (p / p f « 1). (98) 

g/̂ ^f 

This indicates that the apparent CQ in annular flow should be close to unity. 

C. Annular Mist Flow 

As the gas velocity inc reases in the annular flow, the entrainment of 
liquid from the film to the gas -co re flow takes place. Based on recently de­
veloped c r i t e r i a for an onset of entrainment,** the cr i t ica l gas velocity for 
a rough turbulent film flow can be given by 



43 

i^g'^ ^ v r g ^ 
V ^ - / for N^f ^ î3 

(99) 

0.1146 for Np,f > n -

where Np̂ f = tJ,f/[p£ava/gAp]* . However, in general , the vapor flux is nnuch 
la rger than the liquid flux in the annular-mis t - f low reg ime; then, for a w^eakly 
viscous fluid such as water or sodium, the above corre la t ion may be replaced 
by 

> r^ rVf -̂ COO) 

If Inequality 100 is satisfied, then the droplet entrainment into the gas - co re 
flow should be considered; otherw^ise the corre la t ion for annular flow, Eq. 97, 
can be applied. 

The corre la t ion for Vgj in annular nnist flows can be readily developed 
by combining the previous r e su l t s for a d ispersed flow and pure annular flow. 
The a rea fraction of liquid entrained in the gas core from total liquid a rea at 
any c ross section is denoted by Ed. and the c ro s s - s ec t i ona l - a r ea -ave raged 
void fraction by (a). Then the filnn-area fraction is given by 

liquid-filnn c ross - sec t iona l a rea / / w/ 
^ ° ^ ^ total c ros s - sec t iona l a rea 

and the mean l iquid-droplet fraction in the gas core alone is given by 

c ros s - sec t iona l a r ea of drops (1 " ^°''*)Ed 
ccj„^_ = : ;: = ;— . (102) 

"^^"P c ros s - sec t iona l a rea of core 1 - (l - (cc))(l - Ed) 

Consequently, cĉ Qj-g should be used in the annular-flow corre la t ion, 
Eq. 97, to obtain the re la t ive motion between the core and the film, whereas 
•^drop should be used in the dispersed-f low corre la t ion to obtain a slip be­
tween droplets and g a s - c o r e flow. 

By denoting the g a s - c o r e velocity, l iquid-drop velocity, and filnn 
velocity by Vg^' "^fc ^^^ '̂ ff' respect ively , the total volumetr ic flux is given 
by 

<j) - [vgc(l - «drop) + o'dropVfcl'^core + ^ff(1 - Q^core)- (^03) 

F u r t h e r m o r e , by denoting the total volumetr ic flux in the core based on the 
core a r ea by Jcore ' "^^ have from the annular corre la t ion, Eq. 97, 
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' c o r e 

(1 - ( c . ) ) ( l - Ed) , . , 
( j ) - — ; = ^ \ ( j ) -I-

(o-) + 4vC7Pf 

A p g ^ D d -^Q'))( l - Ed) 

0.015p£ J 
(104) 

On the o the r hand, f rom the d i s p e r s e d - f l o w c o r r e l a t i o n s , it can be 
shown tha t , for a d i s t o r t e d - d r o p l e t o r c h u r n - d r o p l e t flow reg inne , the drif t 
ve loc i ty can be given a p p r o x i m a t e l y by 

^<Vg» - J co re = ^[ 

/agAp 1/4 
Ed( l - ( o ) ) 

\ Pg / (o ' ' + Ed( l - 'a)) 
(105) 

H e r e we have used an a p p r o x i m a t i o n b a s e d on ( l - ^ot)) « 1. However, 
depending on the c o r e - g a s ve loc i ty , the o i s p e r s e d - f l o w d r i f t - v e l o c i t y c o r r e ­
la t ion for a m u c h snnal ler p a r t i c l e should be used . When the d r o p l e t s a r e 
g e n e r a t e d by t h t e n t r a i n m e n t of l iquid f i lm, the following a p p r o x i m a t e form 
is s u g g e s t e d for an u n d i s t o r t e d - p a r t i c l e r e g i m e ou t s ide the Stokes regime:** 

( (vg)) - J co re = 0-5i"d 
(gAp)^ 

n i / 3 

^gPg 

Ed( l -(c^)) 

(cc) + Ed( l - (cc)) ' 
(106) 

w h e r e the p a r t i c l e r a d i u s m a y be a p p r o x i m a t e d f rom the W e b e r - n u m b e r cr i ­
t e r i o n at the shea r ing -o f f of wave c r e s t s . T h u s , 

6a 1 

' g <J> 
(107) 

The above r e l a t i o n s apply only when the to t a l v o l u m e t r i c flux is suffi­
c ien t ly high to induce f r a g m e n t a t i o n s of the wave c r e s t s . Hence , Eq. 106 
should be u s e d when 

Fj)! > 1.456, 
^agAo .1/4 r - , - 1 / 1 2 

Tcr\/o/gA( 
(108) 

By combin ing the above r e s u l t s , w ê obta in 

(1 -(cc))(l - Ed) 

SJ (a) -H 4ypg /p f 
(i) + 

Apg^Dd - (a ) ) ( l - Ed) 

0 .015p£ 

^ ( o ) + E d d - (cy)) ' ' ^ 
or 

3a 

Pg 

'agAp 1/4 

(109) 

(gAp)' 
211/3 

^ g ° g j (sf 
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where the la t te r express ion applies under the condition given by Eq. 108. If 
the rad ius of the par t ic le is very small , then the essent ia l contribution to the 
re la t ive nnotion between phases comes from the f i rs t t e r m of Eq. 109, and 
the core flow nnay be considered as a homogeneous d ispersed flow. In such 
a case, Eq. 109 reduces to 

(1 - <a^)(l - E ^ ) / /Apg^Dd - <«»(! - Ed) \ 

"'' ' <.W4>7^V^^ ' V 51m^̂  j - "10) 

This express ion shows a l inear dec rease of drift velocity in t e r m s of en­
t ra ined liquid fraction, which can be observed in various experimental 
data.''9'5° 

VII. COVARIANCE OF CONVECTIVE FLUX 

In the one-dimensional drift-flux model, the momentum and energy 
convective fluxes have been divided into three t e r m s : the mixture convective 
flux, the drift convective flux, and the covariance term, as can be seen 
from Eqs. 54 and 55. In other words , the convective flux of quantity i|f for 
the mixture can be wri t ten as 

^(I^°'k Pk*k^k>) - ^ ( P m V v m ) + ^ ( ^ - ^ ^ ^ A t d c V d j j 

+ h Z^O^^^kPk^k^k). (Ill) 
k 

where Aî dc = ^Ud^^ - <Uc>^ and COV(cci^Pkl'kVk) = ^°'kPk*k(vk -^<Vk)))). 
Therefore , for the momentum flux, we have i|i]̂  - v^ and Aijidc = Vdj/(l - (o'd))-
On the other hand, for the enthalpy flux, we have î k = ^k and Atdc -
((hd)) - ((h.^)) , which is equivalent to the latent heat if phases are in the rmal 
equilibrium. 

To close the set of the governing equations, we must specify relat ions 
for these covariance t e r m s . This can be done by introducing distr ibution 
p a r a m e t e r s for the momentum and energy fluxes. If we define a distribution 
pa rame te r for a flux as 

(cc, ;li, vi.) 
^ ^ ^ (112) '^'^k = <cck)((*k))«vk»' 

the covariance t e r m beconnes 

COV(Pk«k1'kVk) = Pk^°'k'^k(vk - «Vk)))) = (C^k - l)Pk<'^k>«'^k>><<Vk)). (113) 
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F o r the nnomentum flux, the d i s t r i b u t i o n p a r a m e t e r i s def ined by 

Cvk = ^^—7- (114) 
^^ (cck)((vk))' 

P h y s i c a l l y , Cvk r e p r e s e n t s the effect of the void and m o m e n t u m - f l u x prof i l es 
on the c r o s s - s e c t i o n a l - a r e a - a v e r a g e d momentunn flux of k p h a s e . A quan t i ­
t a t i ve study of Cvk ^an be m a d e by c o n s i d e r i n g a s y m n n e t r i c flow in a c i r cu l a r 
duct and i n t roduc ing the p o w e r - l a w e x p r e s s i o n s in p a r a l l e l with the ana lys i s 
of CQ in Sec VI. A. Hence we p o s t u l a t e t h a t 

ô k - Q̂ kw 

°'ko - '^kw 
= 1 - ( R / R j " (115) 

a n d 

Vko 
1 - ( R / R j " ^ , (116) 

w h e r e the s u b s c r i p t s o and w r e f e r to the va lue at the c e n t e r l i n e and at the 
wal l of a tube . 

F o r s i m p l i c i t y , it is a s s u m e d tha t the void and ve loc i ty p r o f i l e s a r e 
s i m i l a r ; i . e . , n = m. T h i s a s s u m p t i o n i s w^idely u s e d in m a s s - t r a n s f e r p rob­
l e m s , and it m a y not be u n r e a s o n a b l e for fully deve loped t w o - p h a s e flows if 
one c o n s i d e r s tha t the v a p o r flux and, h e n c e , the void c o n c e n t r a t i o n g rea t ly 
inf luence the ve loc i ty d i s t r i b u t i o n s . Under t h i s a s s u m p t i o n , it can be shown 
tha t 

n - l - 2 / . 3 n \ / . n \ 
^TTT ('̂ kw + Â k̂ 3^n^j ('̂ kw + ^^k;rr-2J 

, (117) ^vk 

( -kw + ^ ^ k ^ i ) 

w h e r e 

^°'k = °'ko - ^kw-

For a dispersed vapor phase. °'gv^ '̂ ^ ̂ '̂g' hence. 



On t h e o t h e r hand , f r o m Eq. 62 . the v o l u m e t r i c - f l u x - d i s t r i b u t i o n p a r a m ­
e t e r CQ b e c o m e s 
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n -F 2 
n + 1 

(119) 

T h e r e f o r e , in the s t a n d a r d r a n g e of n, the p a r a m e t e r Cvg can be given ap­
p r o x i m a t e l y by 

"Vg 1 + 0.5(Co - 1). (120) 

F o r a l iquid p h a s e in a v a p o r - d i s p e r s e d - f l o w reg inne , ccfw ^ 1 and 
Q'fo < 1. T h e n f r o m Eq. 11 7 i t can be shown tha t , for a s t a n d a r d r a n g e of CC£Q 

in the bubb ly - and c h u r n - f l o w r e g i m e s , Cvf can be a p p r o x i m a t e d by 

Cvf = 1 + 1.5(Co - 1). (121) 

F o r an a n n u l a r flow, t h e m o m e n t u m c o v a r i a n c e t e r m can a l so be c a l ­
cu la ted by us ing the s t a n d a r d ve loc i t y p r o f i l e s for the v a p o r and l iquid f lows. 
Thus w ê ob ta in 

C vk 

"1.02 ( t u r b u l e n t flow) 

1.33 ( l a m i n a r flow^). 
(122) 

The above r e s u l t for the ind iv idua l p h a s e s can now^ be u s e d to s tudy 
the m i x t u r e c o v a r i a n c e t e r m . By def ining the m i x t u r e - m o m e n t u m - d i s t r i b u t i o n 
p a r a n n e t e r as 

' v m 
CvdPd<°^d> + CvcPc<Q^c^ 

<^Pm> 
(123) 

the c o v a r i a n c e t e r m b e c o m e s 

^ C O V ( a k P k V k ) - (Cvm - 1) 
k 

_ PcPd<^d> -z ' 
P m ^ ^ m + r — - , T^T ; Vdj 

(1 - (ad))<Pm> 
( p ^ ) v ^ 

^ 2PcPd<°^d>,^ 

<Pm) 
^vc)vmVdi- (124) 

In view^ of t h e above a n a l y s i s , t h e o r d e r of m a g n i t u d e of (Cvd " Cvc) 
i s t he s a m e a s t h a t of (C^-j^ - l) o r l e s s ; t h e r e f o r e , t he l a s t ternn on the r igh t -
hand s ide of Eq. 124 can be n e g l e c t e d for a l m o s t a l l c a s e s . T h i s terrr . nnay 
be i m p o r t a n t only in the n e a r c r i t i c a l r e g i m e and if Vj^ =- Vdj Howeve r , 
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in g e n e r a l , Vdj b e c o m e s ins ign i f i can t a s the dens i ty r a t i o a p p r o a c h e s uni ty; 
h e n c e , u n d e r the above condi t ions the convec t ive t e r m i t se l f b e c o m e s re la t ive ly 
s m a l l . Consequen t ly , even for t h i s ^ a s e , the ternn m a y be d ropped . Thus we 
have 

^COV(ccj^Pl^vy - (Cvm - i ; ^ P ^ ) v L + ' " ' . " . " :V 

k 

PcPd'^d^ r;z 

" ^ " " ^ • (1 -(<^d»<Pm> ^J 
(125) 

The va lue of C^ j^ can be eva lua t ed f r o m Eq. 123 by us ing Eqs . 120 
and 121 o r Eq. 122. In the bubbly- and churn - f low r e g i m e s of p r a c t i c a l 
i m p o r t a n c e , Cvm can be given approxinna te ly by 

Cvm =• i + 1 5(Co - 1). (126) 

H o w e v e r , in the n e a r c r i t i c a l r e g i m e Cvm depends a l so on the void f rac t ion 
and the dens i t y r a t i o . F u r t h e r m o r e , at v e r y low void f r ac t i ons in a fully de ­
ve loped flow or in a developing flow, the va lue of Cvm should be r e d u c e d to 
the one for the s ingj .e -phase flovi given by Eq. 122. The effect of the deve lop­
m e n t of the void p rof i l e into tha t given by the po^wer law m a y be t aken into 
account by a s i m i l a r v o i d - f r a c t i o n c o r r e c t i o n t e r m used in the c o r r e l a t i o n for 
CQ in Eq. 70. By r e c a l l i n g tha t for a t u r b u l e n t flow Cvm =- 1-0 at a -• 0, we 
obta in for a round tube 

Cvm - 1 + 0.3(1 - y p g / p £ ) ( l - e-i«<°'>), (127) 

which m a y be u s e d both for a fully deve loped flow and for a developing flow. 

On the o the r hand, for a t u r b u l e n t - a n n u l a r - f l o w reginne , we have , 
f r o m E q s . 122 and 123, C^^^ ^ 1.02. F o r a l l p r a c t i c a l p u r p o s e s , th i s may be 
f u r t h e r a p p r o x i m a t e d by 

' v m 1. (128) 

In r e a l i t y , the t r a n s i t i o n f rom the va lue given by Eq. 127 to that given 
by Eq. 128 i s a g r a d u a l one th rough the c h u r n - a n n u l a r (or s lug -annu la r ) - f l ow 
r e g i m e in which c h a r a c t e r i s t i c s of churn and annu la r flows a l t e r n a t e . If a 
s ing le c o r r e l a t i o n for Cvm '̂ s p r e f e r r e d , r e g a r d l e s s of the f low-reginne t r a n s i ­
t i o n s , then Eq. 127 m a y be safely e x t r a p o l a t e d into h i g h e r - v o i d - f r a c t i o n reg ime 
by a s i m p l e modi f i ca t ion given by 

Cvm " 1 + 0.3(1 - > 7 r £ ) [ l - e-'«^^Xi-<<^»]. (129) 

A s i m i l a r a n a l y s i s can be c a r r i e d out for the e n t h a l p y - c o v a r i a n c e 
t e r m by a s s u m i n g the void, ve loc i ty , and enthalpy p r o f i l e s . In g e n e r a l , 
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X COV(o'i^Pj^hkVi,) = (Chrn - l)<Pm>hmVr m 
k 

+ " f " ^ ? [-(Che - l)«hc» + (Chd - l)«hd))lVdj, (130) 
V P m / J J 

w h e r e 

^ h m = ZChkPk<° 'k>«hk»/«Pm>hm) 

^ (131) 

^Chk = <Q'khkVk>/«o'k)«hk)>((vk))). 

F o r a t h e r m a l - e q u i l i b r i u m flow, hg = hgg and hf = h£s, w h e r e hgg 
and h£s a r e the s a t u r a t i o n e n t h a l p i e s of v a p o r and l iquid. Since in t h i s c a s e 
the en tha lpy p r o f i l e i s c o m p l e t e l y flat for e a c h p h a s e , the d i s t r i b u t i o n p a ­
r a m e t e r s b e c o m e un i ty ; i . e . , C^g = Chf = Chm - 1- It i s a l so ev iden t tha t 
if one of the p h a s e s i s in the s a t u r a t e d condi t ion , t hen C^k ^o^ tha t p h a s e 
beconnes uni ty . 

On t h e o t h e r hand , in the s i n g l e - p h a s e r e g i o n , the d i s t r i b u t i o n p a ­
r a m e t e r can be c a l c u l a t e d f r o m the a s s u m e d p r o f i l e s for the ve loc i ty and 
en tha lpy . Us ing the s t a n d a r d p o w e r - l a w p r o f i l e s for a t u r b u l e n t flow, i . e . , 
v/vo = ( y / R ) ^ / ^ and (h - \i-^)/{h^ - h ^ ) = (y/R)^/"^ , w h e r e y i s the d i s t a n c e 
f r o m t h e w a l l , we can show t h a t the c o v a r i a n c e t e r m i s neg l ig ib ly s m a l l both 
for deve lop ing and fully deve loped flows. 

F r o m t h e above two l i m i t i n g c a s e s , we can conclude tha t the en tha lpy 
c o v a r i a n t t e r m m a y b e c o m e i m p o r t a n t only in h ighly n o n e q u i l i b r i u m flow. 
Even in t ha t c a s e , t h e e n e r g y a s s o c i a t e d w^ith p h a s e change i s c o n s i d e r a b l y 
l a r g e r t han t h a t a s s o c i a t e d w^ith c h a n g e s in t r a n s v e r s e t e m p e r a t u r e p r o f i l e s ; 
t h e r e f o r e , excep t for h igh ly t r a n s i e n t c a s e s , t he en tha lpy c o v a r i a n c e can be 
neg lec t ed . H e n c e , 

^ y COV(a.kPkhkVk) =̂  0. (132) 
^^ k 

VIII. F L O W - R E G I M E TRANSITION AND DRIFT 
V E L O C I T Y IN V E R T I C A L SYSTEM 

In the p r e c e d i n g s e c t i o n s , t he d r i f t - v e l o c i t y c o r r e l a t i o n h a s been d e ­
v e l o p e d for v a r i o u s t w o - p h a s e flow r e g i m e s . To u s e t h i s c o r r e l a t i o n , t h e r e ­
f o r e , we m u s t identify the flow r e g i m e f i r s t and then choose a su i t ab l e 
e x p r e s s i o n for Vdj- In the l i t e r a t u r e for t w o - p h a s e flow s e v e r a l c r i t e r i a for 
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flow-reginae t rans i t ions are summarized in Refs. 46 and 55-58. These 
existing c r i t e r i a may be used to identify the flow reginnes under var ious con­
ditions. However, in what follows, we shall develop f low-regime t ransi t ion 
c r i t e r i a that a re based on the relat ive motion between phases and a re con­
sistent with the concept of the drift-flux model. 

In forced-convection boiling sys tems , four flow reg imes are of practical 
importance:^ ' churn-turbulent bubbly, annular, annular -mis t , and droplet or 
l iquid-dispersed reg imes . In the vapor-dispersed-f low reg imes such as the 
bubble, dis tor ted bubbly, and churn-turbulent flows in forced-convection sys­
t ems , the effect of the concentration and velocity profiles dominates the 
relat ive motion between phases. This can be seen fronn the importance of 
the t e rm associated with the distribution paranneter with respec t to the local 
drift effect in Eq. 58. Consequently, various vapor-dispersed-f low regimes 
can be satisfactori ly represented by the churn-turbulent-flow correlat ion 
alone. This is also shown by the experimental data in Figs. 6, 7, 18, 19. 
and 20. 

The t ransi t ion cr i te r ion betw^een churn-turbulent bubbly flow and 
annular flow is obtained by postulating tw ô different mechanisnns for the 
t ransi t ion: 

1. Flow r eve r sa l in the film section along large bubbles and follow­
ing t r anspor t of liquid mass in the slug or wake regions into the film section. 

2. Destruction of liquid slugs or large waves by entrainment or de­
formation and subsequent redistr ibution of liquid nnass into the droplets and 
film. 

The f i rs t mechanism assumes that, for the film section along large 
bubbles, the annular drift-velocity correlat ion can be used locally. Hence, 
by setting the f low-reversa l condition as (j£) = 0 and using Eqs. 46 and 48, 
we obtain, fronn Eq. 96, 

1 - ( a ) ^'/^ 

'g ' t0.015[l -I- 75(1 
J : = • • > > ' " • ! — ' . ' : : ; . < „ ) ) , } ' - < « > - o . . , (133) 

where j * = jg/vApgD/Pg. Here the above approximation is a good fit to the 
exact form for (a) < 0.93. At this point, the flow is still in the churn-turbulent 
regime. It has to support entire liquid fraction in the film in order to have a 
t ransi t ion; therefore the nnean void fraction is calculated from the drift-
velocity correlat ion for the churn-turbulent flow. Thus from Eq. 76, (a) can 
be obtained in ternns of (jg) and (j£). If this expression is substituted into 
the above equation, we get 

•"g 

(ja) Co (jg) 

0.1. (134) 
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In genera l , the liquid flux and the t e rmina l velocity a re much smal ler than 
the gas flux; thus Eq. 134 can be further simplified to 

^g " c"o " 0 .1, (135) 

where CQ is given by Eq. 68 or 71. Therefore , for a round tube. 

.» - ; / "g 
'g = W A ^ = 7 - ^ 7 7 7 = - » • ' • <'̂ '̂ 

1.2 - 0.2^Pg/Pf 

The range of j i is accordingly from 0.73 to 0.9- The above value is consistent 
with var ious exper imenta l observations.^^"*' For example, Wallis^'' found jg 
to be 0.8-0.9, and Bennett et al. ' observed the increase in j * at higher p r e s ­
sures that is predicted by Eq. 136. 

The second mechanism of the churn-annular f low-regime t ransi t ion, 
which w^as f i rs t suggested by Dukler and Snnith, seems to be more applicable 
to a flow in a l a r g e r - d i a m e t e r tube. In this case, the force balance on the 
wave c res t r a the r than the liquid motion in the film de termines the transit ion. 
Since the interfacial geometr ies a re extremely rough at the churn-annular 
f low-regime t rans i t ion , the wave deformation or entrainment cr i ter ion for a 
rough turbulent reginne developed by Ishii and Grolmes may be used. In 
this case , the c r i te r ion is given by Eq. 99- How^ever, for a nonviscous fluid 
such as water and sodium, i .e. , N|j,f < l / l 5 , Eq. 99 can be rewri t ten as 

K . - ^ ^ = N - r , (137) 
'agA_p^ 

.4 
C-3 

where the nondimensional gas flux K is the Kutateladze number and N^£ = 
M.£/[p£a.ya/gAp]'''^. The value of K does not vary much for most nonviscous 
fluids, being about 3. The second cr i te r ion is valid if the predicted gas flux 
based on the Kutateladze number is smal le r than the one based on the f i rs t 
cr i ter ion. This occurs if the following condition is satisfied: 

(138) 

For water at low p r e s s u r e , this corresponds approximately to D > 6 cm. 

The presen t model gives two different c r i t e r i a for the churn-annular 
flow^-reginne t rans i t ion: one depending on the diameter of the tube and the 
other depending only on the p roper t i es . This division is qualitatively consistent 
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with the observation of Pushkina and Sorokin*^ on the breakdown of liquid 
film, and of Wallis and Kuo ^ on the liquid downward penetration. 

The t ransi t ion between the annular and annular -mis t flow can be given 
by the onset of entrainment.*' Hence, for nonviscous fluid, 

(139) 

where Re£ = P£1(J£)1D/MI£. Figure 23 compares the above cr i te r ion to the 
experimental data. 

In an adiabatic system, the t ransi t ion from an annular flow to a droplet 
flow is gradual. As the fraction of liquid entrained, Ed, i nc rease s , the char­
ac te r i s t i c of the flow changes from that of a separated flow to a d ispersed 
flow. This trend is c lear ly exhibited by the expression for the drift velocity 
in the annular-mist- f low regime, Eq. 109- In other words, the whole annular-
mis t flow can be considered as a t ransi t ion regime. On the other hand, in the 
diabatic sys tem, the occurrence of the cr i t ical heat flux and subsequent drying 
out of the wall introduces a sudden change in flow reg imes . If this occurs , 
Eq. 109 should be used with 100% entrainment or Ed = 1. 

The recommended drift-velocity correla t ions for a vert ical-boil ing 
flow system a re given in Table II. 

~i I I I I 11 I j " 1 — I — I I I 11 I j 1—I—I I I I I I I ~T I I I I I I I j 
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Fig. 23. Comparison of Data for Onset of Entrainment according 
to Inception Criteria. ANL Neg. No. 900-4572 Rev. 1. 
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TABLE II. Drift Velocity for Vertical Boiling System 

Flow Regime 

Churn-turbulent 

Annular 

Transition Cr i ter ia 
(Applicable range) 

.!•^/l^fe•«-•) 

0 , £ 
f 

ffe-.)<i.i<(^)'V, 

Vapor-drift \ 'elocity, \ „ j 

Vgj= (c„ - iKjN+7Ipf i f^ 

where 

C„ = (i.ao - 0 , 2 V P 7 7 ^ ) ( I - e'"'-^') 

and 

-Jjif = Uf/(ofOyo/gio)"'= 

i -<a> 

^•' <Qf' + 4yp / p f 
' j W 

ApgD(l - 'o')) 

0.0150, 

Annular-mist b ' 
PgApV 

N ^ r ^"d Ed < 1 'dj = 
(1 - <a>)(l - Ed) 

(-/• + 4yp /P£ 
<j> + 

ApgDd - (a))(l . Ej) 

O.OlSpf 

<a> + Ed(l - {a)) 

/̂i (=!r)"' 
(gap) 

fl'/3 
1 

The second expression applies when 

| j l > 1.456 fe)' gav^a/gi( 

Liquid dispersed Ed = 1 0 or q w > ^cr V . = (1 - (a» X-

y? /ogApy 

(gAp)' 

'g^'g 

1/3 

<i>' 

IX. CONCLUSIONS 

For a d i spersed two-phase flow systenn. the relat ive motion between 
phases has been analyzed by considering the drag force, the gravitational force, 
and the effect of the p r e s s u r e gradient due to shear s t r e s s e s , and using a 
s imi lar i ty hypothesis based on the Reynolds number and drag coefficient. The 
effect of the mul t ipar t ic le system is taken into account by using the mixture 
viscosi ty in the Reynolds number. The present model for the relat ive motion 
betvireen phases has been developed for general d ispersed two-phase flows; 
therefore i ts applicability is not l imited to par t iculate flows, but it can also be 
applied to bubbly and droplet flows. For sol id-par t ic le sys tems, it agrees with 
exper imenta l data at all Reynolds-nunnber and par t ic le-concentra t ion ranges 
of p rac t i ca l in teres t . F u r t h e r m o r e , the present theory can be reduced to the 
existing theore t ica l nnodel for a sol id-par t ic le system in the Stokes reg ime by 
considering the l imiting case of small par t ic les . 
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On the o the r hand, for f l u i d - p a r t i c l e s y s t e m s , c o n s i d e r i n g bubbly 
flows i n ' a v e r t i c a l channe l , the p r e s e n t m o d e l can be e s s e n t i a l l y r e d u c e d to 
conven t iona l s e m i e m p i r i c a l c o r r e l a t i o n s . Consequen t ly , the r e l a t i v e mot ion 
be tween p h a s e s in d i s p e r s e d t w o - p h a s e flows can be p r e d i c t e d by the unified 
t h e o r y for both s o l i d - and f l u i d - p a r t i c l e s y s t e m s at a l l r a n g e s of Reynolds 
n u m b e r s . 

F o r annu la r flow, the cons t i tu t ive equat ion for the drif t ve loc i ty was 
deve loped by taking into accoun t the effect of g r a v i t y , i n t e r f a c i a l s h e a r s t r e s s 
wi th i t s dependence on i n t e r f a c i a l r o u g h n e s s , and flow reg innes in the l iquid 
fi lm. The cons t i t u t ive equat ion ob ta ined in th i s r e p o r t i s c a s t into two dif­
f e r e n t fornns: one usefu l for ana lyz ing s t e a d y - s t a t e f lows and the o the r for 
t r a n s i e n t f lows. The p r e d i c t e d v a p o r - d r i f t ve loc i ty fronn th i s s tudy w a s com­
p a r e d to about 350 da ta po in ts f r om v a r i o u s e x p e r i m e n t s . Although the data 
u sed in the c o m p a r i s o n inc luded those t aken in the d r o p - a n n u l a r - f l o w r e g i m e s 
with m o d e r a t e e n t r a i n m e n t . the t h e o r e t i c a l p r e d i c t i o n s w^ere wi th in ±30% of 
the m e a s u r e d v a l u e s . However , when the amount of l iquid e n t r a i n m e n t was 
l a r g e , the p r e s e n t c o r r e l a t i o n o v e r p r e d i c t e d the v a p o r - d r i f t ve loc i ty . How­
e v e r , t h i s t r e n d can e a s i l y be exp la ined by a newly deve loped c o r r e l a t i o n for 
an annu la r d i s p e r s e d - f l o w r e g i m e tha t shows an a l m o s t l i nea r d e c r e a s e of 
drif t ve loc i ty in t e r m s of e n t r a i n e d l iquid m a s s . 

The p r e s e n t cons t i tu t ive equa t ions for the dr i f t ve loc i ty in v a r i o u s 
t w o - p h a s e - f l o w r e g i m e s have been obta ined f rom the s t e a d y - s t a t e and adiabat ic 
f o r m u l a t i o n s . The effects of hea t t r a n s f e r and p h a s e changes on the drift v e ­
loc i ty w e r e c o n s i d e r e d s e c o n d a r y . T h e s e effects a p p e a r only i n d i r e c t l y through 
the l oca l v a r i a b l e s , such as the void f rac t ion and the m i x t u r e ve loc i ty in the 
drift cons t i tu t ive equat ion. It is a c o m m o n p r a c t i c e to apply cons t i tu t ive r e ­
l a t i o n s h i p s ob ta ined under s t e a d y - s t a t e condi t ions to the t r a n s i e n t problenns , 
wi th an a s s u m p t i o n that the p a r a n n e t e r s en t e r i ng into a cons t i tu t ive r e l a t i o n ­
ship a r e l oca l v a r i a b l e s and a r e funct ions of t i m e . T h e r e f o r e , the appl icat ion 
of the p r e s e n t cons t i tu t ive equat ion for the drift ve loc i ty to the t r a n s i e n t two-
phase flow with a p h a s e change wil l be c o n s i s t e n t with the connnnon p r a c t i c e . 

However , the b a s i c a s s u m p t i o n of the dr i f t - f lux m o d e l i s tha t a s t rong 
coupling e x i s t s be tween the mo t ions of two p h a s e s . T h e r e f o r e , c e r t a i n two-
p h a s e p r o b l e m s involving a sudden a c c e l e r a t i o n of one p h a s e may not be 
a p p r o p r i a t e l y d e s c r i b e d by th is mode l . In t h e s e c a s e s , i n e r t i a t e r m s of each 
p h a s e should be c o n s i d e r e d s e p a r a t e l y , tha t i s , by u s e of a two-f luid model . 
Howeve r , the r e a l u s e f u l n e s s of the dr i f t - f lux mode l in many p r a c t i c a l engi ­
n e e r i n g p r o b l e m s c o m e s f rom the fact that even t w o - p h a s e m i x t u r e s that a r e 
weakly coupled loca l ly a r e s t rong ly coupled when c o n s i d e r e d as a to ta l systenn. 
T h i s is b e c a u s e the r e l a t i v e l y l a r g e ax ia l extent of the s y s t e m s usua l ly gives 
sufficient i n t e r a c t i o n t i m e s for the m o m e n t u m exchange be tween two p h a s e s . 
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A P P E N D I X 

R e l a t i v e M o t i o n i n S i n g l e - p a r t i c l e S y s t e m 

A m o t i o n of t h e s i n g l e s o l i d p a r t i c l e s , d r o p s , o r b u b b l e s in a n i n f i n i t e 
m e d i u n n h a s b e e n s t u d i e d e x t e n s i v e l y in t h e p a s t . ( S e e , f o r e x a m p l e , R e f s . 5 2 - 5 4 . ) 
In w h a t f o l l o w s , w e s h a l l s u m m a r i z e t h e s e r e s u l t s in s i m p l e f o r m s u s e f u l f o r 
t h e d e v e l o p m e n t of t h e d r i f t c o n s t i t u t i v e e q u a t i o n i n m u l t i p a r t i c l e s y s t e m s . 

B y d e n o t i n g t h e r e l a t i v e v e l o c i t y of a s i n g l e p a r t i c l e i n a n i n f i n i t e 
m e d i u m by vroo = Vd - v^^^,, w e d e f i n e t h e d r a g c o e f f i c i e n t b y CDOO ^ - 2 F - Q / 
P ^roo I ^rcol ^^d ' "wh^^^ ^r\ ^s t h e d r a g f o r c e a n d r i s t h e r a d i u s of a p a r t i c l e . 
On t h e o t h e r h a n d , t h e s u m of t h e p r e s s u r e a n d b o d y f o r c e s a c t i n g o n t h e 
p a r t i c l e i s g i v e n by 

F -F F . l"^d(Pc - Pd)g ( A . l ) 

w h i c h s h o u l d b e b a l a n c e d b y t h e d r a g f o r c e . H e n c e , F p -I- F g + F Q = 0. By 
i n t r o d u c i n g t h e n o n d i m e n s i o n a l p a r a m e t e r s f o r t h e v e l o c i t y f i e l d s a n d r a d i u s 
g i v e n by v * = | v | (pJ / i i ( ,gAp)^ '^ a n d r d = rjj(p^gAp/M,2)*'3, w e c a n s o l v e t h e f o r c e 
b a l a n c e f o r t h e r a d i u s a s 

•* = IC DooV*^. (A .2 ) 

T h e s t a n d a r d p a r t i c l e R e y n o l d s n u m b e r a n d t h e v i s c o s i t y n u m b e r a r e 

d e f i n e d b y 

N 
2r^p_lv 

Reco 
c I roo I T * i 

= 2 r j v * 
11, d roo 

a n d 

A . .1/2 
PpO^ / — — ) 

<= V gAp/ 

(A. 3) 

w h e r e Nn m e a s u r e s t h e v i s c o u s f o r c e i n d u c e d b y a f l o w t o t h e s u r f a c e - t e n s i o n 

f o r c e . ^ ^ E x t e n s i v e s t u d i e s of t h e s i n g l e - p a r t i c l e d r a g s h o w t h a t , i n g e n e r a l , 

t h e d r a g c o e f f i c i e n t i s a f u n c t i o n of t h e R e y n o l d s n u m b e r . H o w e v e r , t h e e x a c t 

f u n c t i o n a l f o r m d e p e n d s on w h e t h e r t h e p a r t i c l e i s a s o l i d p a r t i c l e , d r o p , o r 

b u b b l e . 

F o r a v i s c o u s r e g i m e , t h e f u n c t i o n Cj-jo, i s g i v e n by 

2 4 
CT^ - i:r^(^ -t o.iN°-"V (A .4 ) 
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For solid par t ic les , the drag coefficient becomes essentially constant at approx­
imately CQOP = 0.45 for Nj^g^ s 1000. This Newton's regime holds up to 
NReoo = 2 X 10^ 

For fluid par t ic les such as drops or bubbles, the flow regime is 
charac te r ized by the distortion of par t ic le shapes and i r regu la r motions. In 
this d is tor ted-par t ic le regime, the experimental data show that the ternninal 
velocity is independent of par t ic le size. F r o m this it can be seen that the 
drag coefficient C j ^ does not depend on the viscosity, but should be proportional 
to the radius of the part ic le . Physically this indicates that the drag force is 
governed by the distortion and swerving motion of the par t ic le , and the change 
of the par t ic le shape is toward an increase in the effective c ross section. 
Therefore , CT-J„ should be scaled by the mean radius of the par t ic le ra ther 
than the Reynolds n u m b e r . " Then, 

C D » - f r ^ V g W ^ (or C j ^ = J^H'^d) ^^'^^ 

for ]Si ^ 36V2(1 -t- 0. lNj^g^)/NRg<„. However, since the t e rmina l velocity in 
this regime can be uniquely related to physical p roper t i es , Eq. A. 5 can be 
rewri t ten in t e r m s of the t e rmina l velocity or the Reynolds number as 

C D » = - ^ N ^ ^ | v * „ (or C^ = ^%N^J). (A.6) 

Note that the above expression is a special form based on the solution 
of the balance betw^een drag and gravity forces and it may not be used in more 
general situations. As the size of bubbles further inc reases , the bubbles be­
come spher ica l -cap shaped and the drag coefficient reaches a constant value 
of Cpj^ = 8/3. The transi t ion from the distorted-bubble regime to the spherical-
cap bubble regime occurs at around r^j = 2/Np^ . For a liquid drop, the drag 
coefficient can increase further according to Eq. A. 5; however, eventually a 
droplet becomes tinstable and disintegrates into smal le r drops. This linnit 
can be given by the w^ell-known Weber-number cr i ter ion, aind it corresponds 
to rd ^ 3/Nn'^ and Cĵ oo ^ 4. The above resul ts on the drag coefficient for single 
par t ic les of solid, liquid, and gas are summarized in Fig. 1. 

By knowing the drag law, Cpa, = Cj-)„(NReoo). we can calculate the 
te rminal velocity from Eq. A.2). In the viscous regime, the t e rmina l velocity 
can be approximated by 

roo 
^ [ ( l + 0 .08r*V^^- 1]. (A.7) 

On the other hand, in Newton's regime for solid par t ic les , the drag coefficient 
is constant; therefore . 
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v*„ = 2.43r•l^^ (A.8) 

which holds for rd ^ 34.65. 

F o r the d is tor ted- f lu id-par t ic le reg ime , the t e rmina l velocity reduces 
to a constant value of 

v*„ = V 2 / N ; ' ^ (A. 9) 

Hence, in this r eg ime , the re la t ive velocity is independent of the fluid-
par t ic le s ize. F u r t h e r m o r e , for the spher i ca l -cap bubble regime, the t e rmina l 
velocity becomes 

v * = r * i ' 2 (^_j,Q^ 
1*00 cl 

These resu l t s a re summar ized in Fig. 2. 
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